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Byzantine Rechenbticher
An Overview with an Edition of Anonymi J and L

AssTrACT: This article presents an overview of Byzantine Rechenblicher and an edition of two of them, earlier than any other
published Rechenbuch. Along with the edition, a translation and a commentary are provided, as well as a complete thematic
Greek-English glossary and an edition of the earliest known Byzantine table of decomposition of common fractions into unit
fractions.

Kevyworps: Byzantine Mathematics, Byzantine Rechenbiicher, Codex Laurentianus Plut. 86.3, Codex Parisinus suppl. gr. 387

Byzantine mathematics is “sectional” in its essence: it mainly comprises works that do not display a
tight deductive structure. As a consequence, these works can easily be—or actually are—partitioned
into independent sections, or can easily be assembled to generate sectional texts. Examples are logis-
tic and geometric metrological writings, primers of any kind (including those to special astronomi-
cal “texts” like the Persian Tables)?, scholia, isagogic compilations, compendia like the Quadrivia.
Even such complex architectures as Metochites” Abridged Astronomical Elements and Meliteniotes’
Three Books on Astronomy are sectional writings; a notable exception is Barlaam’s Logistic?. An
extreme example of sectional mathematics are the so-called Rechenblicher, by no means a Byzantine
speciality but a mathematical literary genre amply practised within the entire Mediterranean basin;
nevertheless, fine specimens of this genre were produced in the Byzantine world.

Because of their highly sectional nature, to define what Rechenblicher are is a difficult task. We
may say that they are collections of computational techniques and of arithmetical or metrological
problems unrelated to each other, sometimes in (fictitious) daily-life guise®, sometimes organized in
sequences of almost identical items, and often formulated in a debased algorithmic code*. As a matter
of fact, the “mathematical content” of a typical Rechenbuch problem is frequently related more to
theoretical arithmetic (our number theory) than to logistic®, the latter being the branch of arithmetic

2 Fabio Acerbi: CNRS, UMR8167 Orient et Méditerranée, équipe “Monde Byzantin”, 52 rue du Cardinal Lemoine, F-75231
Paris cedex 05; fabacerbi@gmail.com

I shall use the following bibliographic sigla in addition to the sigla currently used in JOB: DOO = P. TannEry (ed.), Diophanti
Alexandrini opera omnia cum Graeciis commentariis. I-11. Lipsiae 1893-1895; HOO =J. L. HEiBERG — L. Nix — W. ScumipT —
H. ScHONE (eds.), Heronis Alexandrini opera quae supersunt omnia. [-V. Lipsiac 1899—1914. Online reproductions of almost
all manuscripts mentioned in this article can be found by suitably searching the website https://pinakes.irht.cnrs.fr/. | thank
Jens Hayrup for a fruitful discussion.

In the case of primers to tables, their sectional nature is obviously motivated by the nature of the reference text.

Study, (partial) edition, and discussion of the manuscript tradition of the mentioned treatises in B. Bypgn, Theodore Metochi-
tes’ Stoicheiosis Astronomike and the Study of Natural Philosophy and Mathematics in Early Palaiologan Byzantium (Studia
Graeca et Latina Gothoburgensia 66). Goteborg 2003; R. Leurquin (ed.), Théodore Méliténiote, Tribiblos Astronomique.
Livre I; Livre Il (Corpus des Astronomes Byzantins 4-6). Amsterdam 1990-1993; P. CareLos (ed.), Bapiadp tod Korafpod,
Aoywotiky. Barlaam von Seminara, Logistiké (Corpus philosophorum Medii Zvi. Philosophi byzantini 8). Athens — Paris —
Bruxelles 1996.

I put “fictitious” in brackets since some kinds of problems do answer to practical exigencies: these are problems on the cal-
culation of interest or on equivalence of units of measurement (currency, weight, capacity). | use “problem” in the wide sense
of a short, self-contained mathematical unit that (explicitly or implicitly) contains a series of operations devised to answer a
specific question.

4 See pages 9-11 for a description of this stylistic resource.

5 It is not even said that any such “typical” texts exist: the 100 problems in the Rechenbuch I shall call Anonymus V are dis-
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in which a unit can be divided and that deals with counting numbers and with calculations on thems®,
for some Rechenbuch problems (but definitely not all of them) can be rewritten as Diophantine prob-
lems—that is, as algebraic equations. Still, the stylistic code of reference adopted in Rechenbiicher
suggests categorizing them within logistic. A genre with partly similar characteristics comprises arith-
metical riddles in the form of epigrams, collected in part of Book XIV of the Palatine Anthology’.
My definition of a Rechenbuch is a restrictive one: for instance, neither Planudes’ Great Calculation
According to the Indians and its anonymous 1252 source®, nor Rhabdas’ Letter to Khatzykes and its
anonymous source®, are Rechenblicher but computational primers; no Quadrivium is a Rechenbuch
but it may contain both theoretical arithmetic in the style of Euclid, Nicomachus, or Diophantus,
typically constituting the whole of the arithmetical part, and a computational primer, embedded in
the astronomical part®; no computational primer in the style of the Prolegomena ad Almagestum (see
the end of the next section) is a Rechenbuch.

The present article presents an overview of Byzantine Rechenblcher and an edition of two of
them!!. The meaning of “edition” in this case also deserves a clarification. Rechenblicher are, in fact,
a kind of text that escapes standard philological methods for establishing filiations among manuscript
witnesses: like any highly sectional text, such collections of disparate arithmetical problems can be
assembled and de-assembled very easily, and any such problem is conducive to undergoing (major)
variant readings in the process of transmission. Thus, hypotheses of filiation between versions of
specific problems in different manuscripts cannot usually be corroborated by any uncontroversial
textual evidence. The only sensible attitude is to edit every Rechenbuch separately*?, even when there
are—as there frequently are—overlaps with other collections of the same kind. This is exactly the
case with Anonymus L, published here, since it shares 24 problems out of 48 with the Rechenbuch,
contained in the manuscript Par. suppl. gr. 387 and published by K. Vogel in 1968, which I shall call
Anonymus P.

tributed by the editors among 32 categories. To make categorizations of genres even more complex, recall that, within the

doctrinal framework of the Neoplatonic author of the isagogic prolegomena to Nicomachus’ Introductio arithmetica, the

difference between theoretical arithmetic (Nicomachus) and arithmetical zetetic (Diophantus) lies in the polarity apiOpog
peTp®dv / petpovpevog “measuring / measured number” (DOO Il 73.20-74.2). See the next section for the denominations

I shall adopt in this article. The principle | have followed in assigning the denominations is to make the word Anonymus

followed by a date if any such temporal determination figures in the text, and otherwise by a majuscule letter pointing to the

library that preserves the manuscript containing the Rechenbuch. Of course, there are Rechenbticher that are not anonymous.

The best introduction to Greek logistic is still K. VoceL, Beitrdge zur griechischen Logistik. Erster Teil (Sitzungsberichte der

Bayerischen Akademie der Wissenschaften, Mathematisch-naturwissenschaftliche Abteilung). Munich 1936, 357-472.

Scholia to some of these epigrams, presenting solutions to them, are edited by Tannery in DOO Il 43-72, drawing from Paris,

Bibliothéque nationale de France, supplément grec 384 (early—middle 10" century). On the structure of the collection see P.

TANNERY, Sur les épigrammes arithmétiques de I’ Anthologie palatine. REG 7 (1894) 59-62, repr. Ip., Mémoires scientifiques

I1. Toulouse — Paris 1912, 442-446, and further below.

The former is edited in A. ALLarp (ed.), Maxime Planude, Le grand calcul selon les Indiens. Louvain-la—Neuve 1981, the

latter in A. ALLArD, Le premier traité byzantin de calcul indien: classement des manuscrits et édition critique du texte. RHT

7 (1977) 57-107.

See notes 64 and 65 below.

10 See for instance the computational primer for the sexagesimal system in 8§ 1-6 and 26 of the astronomical part of Pachy-

meres’ Quadrivium, in P. Tannery (ed.), Quadrivium de Georges Pachymeres (StT 94). Citta del Vaticano 1940, 330.33—

363.11 and 451.15-454.16. My typology is further developed in F. Acersi, Arithmetic and Logistic, Geometry and Metrolo-

gy, Harmonic Theory, Optics and Mechanics, in: A Companion to Byzantine Science, ed. S. Lazaris. Leiden 2020, 105-159.

The German denomination is reminiscent of Latin liber abbaci, whose eponymous specimen is Fibonacci’s (at least two

versions, the latest one written in 1228).

12 Obvious exceptions to this philological stance must occur in those (very rare) cases in which a whole Rechenbuch is simply
copied from one manuscript to another: this has happened with Anonymus P, copied in the manuscript El Escorial, Real Bib-
lioteca del Monasterio de S. Lorenzo, ®.1.16 (gr. 194), ff. 95r—115v, by John Mauromates (RGK 1, no. 171; I, no. 229; 1II,
no. 283) in March 1548.
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Byzantine Rechenbiicher: An Overview 3

Despite this extensive overlap, there are several reasons for publishing Anonymus L, which is
contained in the manuscript Firenze, Biblioteca Medicea Laurenziana, Plut. 86.3, the main witness
of lamblichus’ writings: as we shall see, it was almost certainly copied before Anonymus P. Some of
the 24 problems in common with Anonymus P are nearly identical, but some display substantial vari-
ants: in general, the title system of Anonymus L is better structured, procedures and proofs are more
detailed and calculations with fractions are worked out more explicitly and more thoroughly than in
Anonymus P. | shall not enter into the details of these variants: a complete textual comparison of the
problems Anonymus L shares with Anonymus P and with other similar writings would result in an
overwhelming pile of minutiae. Anonymus P is not the only Rechenbuch Anonymus L shares prob-
lems with, in fact—and this just corroborates the philological point I made in the previous paragraph.

As a support to my edition, | shall also publish a (fragment of a) Rechenbuch contemporary with
Anonymus L—these are six problems found on one single page of Citta del Vaticano, Biblioteca
Apostolica Vaticana, Vaticanus graecus 191, and which I shall call Anonymus J—and a complete list
of resolutions of common fractions into unit fractions, with denominations running from 5 to 20,
found in Par. gr. 1670 (an Ur-Rechenbuch I shall call Anonymus 1183).

The plan of the article is as follows. An overview of Byzantine Rechenbiicher is followed by an
explanation of the structure of “typical” Rechenbuch problems and of the stylistic code adopted in
them. After this, the manuscript in which Anonymus L is transcribed, the mathematical contents of
this collection, and a list of the resolutions of common fractions into unit fractions used in the text
are presented. The subsequent section briefly sets out the contents of Anonymus J and its salient sty-
listic features. A thematic word index of the edited texts follows. After some information preliminary
to the edition, the edition itself is provided; every problem is followed by a translation and, in most
cases, by a commentary. In the Appendix, the list of resolutions of common fractions into unit frac-
tions in Par. gr. 1670 is transcribed and translated in tabular form; it is followed by a specimen of the
method apparently used to find any of these resolutions.

BYZANTINE RECHENBUCHER: AN OVERVIEW

The Rechenbiicher | know of are set out in the following list2,
Anonymus 1183, Par. gr. 1670 (end 12" century), ff. 21lv—61v**. This is something like an Ur-
Rechenbuch, namely, a collection of apparently disconnected subsets of problems. It contains:

2 On the phenomenon of Rechenbuch-style problems attached to logistic treatises, see F. Acerai, | problemi aritmetici attribuiti
a Demetrio Cidone e Isacco Argiro. Estudios bizantinos 5 (2017) 131-206: 176-177, and Acersi, Arithmetic 134. Even if
chronology might suggest including the Papyrus Achmin and the relevant epigrams of AP XIV in the list, their location and
form of transmission suggest to me that they should be regarded as products of Late Antiquity. See below for the contents of
these documents.

14 The manuscript is described in HOO IV x—xi (with edition of the text at f. 61v ibid., xvi); F. Acersi — B. Vitrac (eds.), Héron
d’Alexandrie, Metrica (Mathematica Graeca Antiqua 4). Pisa — Roma 2014, 436-437; F. Acerbi, Struttura e concezione
del vademecum computazionale Par. gr. 1670. Segno e Testo 19 (2021), in print, with a complete “translation” of the list of
multiples of currency units, and an edition of the list of submultiples and of the Easter Computus. Edition of ff. 3r—21v in
B. pE MonTFaucoN — J. LopIN — A. PouceT, Analecta Graeca. Lutetiae Parisiorum 1688, 316—-392; MonTraucoN also used
this material for the chapters on technical abbreviations in his celebrated Palaeographia Graeca. Parisiis 1708, 359-367.
These folia of Par. gr. 1670 contain the treatises of fiscal accounting known as Palaia Logariké (ff. 3r—13r) and Nea Logariké
(13r-21v), composed shortly after the death of Alexios | Komnenos in 1118; most accessible complete edition in C. E. Z. von
LiNGENTHAL, Jus Graeco-Romanum, Pars 111, Novellae constitutiones. Lipsiae 1857, 385-400 (resorting to a tabular set-up
that destroys the original layout); commentaries in M. F. Henpy, Coinage and Money in the Byzantine Empire 1091-1261
(DOS 12). Washington DC 1969, 50-64, and C. MorrissoN, La logarike: Réforme monétaire et réforme fiscale sous Alexis
I Comnéne. TM 7 (1979) 419-464 (with complete French translation). Edition of Anomymi 1183, 1256, 1306, and R in F.
Acersi, Byzantine Logistic Texts. forthcoming.
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ff. 21v-34v, multiples and submultiples of currency units®®; 35r-46v, a detailed collection of
procedures for dividing numbers 1 ... nby n, withn=5 ... 12, followed (44v-46v) by a list of the
mere results of the same divisions, ranging this time from 5 to 20 (this list is edited in the present
article); 46v-61v, Easter Computus and other chronological material®®, repeatedly assuming a.m.
6691 [= 1183] as the current year; 61v, measure of a stone solid. Greek numerals are used. The
final part of the manuscript (ff. 62r—130v) contains geometric metrological material®’.

Anonymus E, Scorial. X.IV.5, gr. 400 (13" century); 259 items (entire manuscript), without a title.

It includes standard riddles, applications of the rule of three, and Diophantine-style problems in
everyday-life guise, problems of conversion involving weight and currency units of measurement,
calculations with fractions. In the Cypriot vernacular language. The style and specific contents
obviously relate this item to the following one. Greek numerals are used.

Anonymus 1256, Vat. Pal. gr. 367 (1317-20), ff. 69r—97v*8. The style displays a slight tinge of ver-
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nacular Greek. Its contents include: ff. 69r-83v, title péBodot cOv Be®d Aoyapikol mg &v EMTON®
Tavy dEEMPOL TOlG vouvey®d¢ mpooéyovaty avtovg véolg Abridged Computational Procedures
Very Useful for the Young People Carefully Attending Them, 109 items featuring standard riddles,
applications of the rule of three, and Diophantine-style problems in everyday-life guise (the riddle
of the ring opens the collection), problems of conversion involving weight and currency units of
measurement, calculations with fractions; 83v—84r, a table of decomposition of common fractions
into unit fractions, set out as usual as division of numbers 1 ... n by n, withn =6 ... 17; only
one resolution is set out; 84v, standard Easter table; 85r-88r, Easter Computus and other chro-
nological material, assuming a.m. 6764 [= 1256] as the current year; 88v—92v, capacity of ships
and measurement of quantities of specific goods like oil, wine, and salt; 92v—93v, two testament
templates; 94r-97v, geometric metrological problems®®. Greek numerals are used.

Titles apyn ovv Bed tdv Mrpopdv Beginning, with God, of the Measures by Pounds, and mept tdv Aemtdv ti)g Aitpag On
the Parts of the Pound, at ff. 21v—33v and 33v—34yv, respectively. The units involved are 1 kevinvapiov = 100 Aitpar = 7200
vopiopota, the latter being identified with the £é£dytov (see note 56 below).

One must bear in mind that the traditional denomination “Easter Computi” for such chronological primers frequently
amounts to a categorial mistake, as the computation of the Easter date was only the main goal of a whole system of tightly
interrelated chronological issues. The Byzantine tradition of chronological primers, which developed independently of the
tradition of Rechenbiicher {early example (on f. 4v, the assumed current year is a.m. 6400 [= 891/2]) e.g. in Par. suppl. gr.
920 (10" century), ff. 2r=17r: on this manuscript see now F. Acersi, How to Spell the Greek Alphabet Letters. Estudios
bizantinos 7 (2019) 119-130}, has not yet been explored in a systematic way: O. ScrisseL, Note sur un Catalogus Codicum
Chronologorum Graecorum. Byz 9 (1934) 269-295; recent editions and studies include A. TiHon, Le calcul de la date de
Paques de Stéphanos-Héraclius, in: Philomathestatos. Studies in Greek and Byzantine Texts Presented to Jacques Noret for
his Sixty-Fifth Birthday, ed. B. Janssens — B. Roosen — P. Van Deun (Orientalia Lovaniensia Analecta 137). Leuven 2004,
625-646; J. LEmPIRE, Le calcul de la date de Paques dans les traités de S. Maxime le Confesseur et de Georges, moine et
prétre. Byz 77 (2007) 267-304; A. TiHON, Barlaam de Seminara. Traité Sur la date de PAques. Byz 81 (2011) 362-411.
Edited by Heiberg in HOO IV. On the criteria followed by Heiberg in his edition of the Greek geometric metrological corpus,
resulting in two philological monsters, see Acersi — Vitrac, Héron d’Alexandrie 430-433.

This important manuscript is the paradigmatic example of the script type called “chypriote bouclée”: P. Canart, Un style
d’écriture livresque dans les manuscrits chypriotes du XIV® siécle: la chypriote “bouclée”, in: La paléographie grecque et by-
zantine. Actes du Colloque Paris, 21-25 octobre 1974, ed. J. Glénisson — J. Bompaire — J. Irigoin (Colloques internationaux
du C.N.R.S. 559). Paris 1977, 303-321, repr. In., Etudes de paléographie et de codicologie. | (StT 450). Vatican City 2008,
341-359. Analysis of the manuscript, including several datings occurring in it, in A. TuryN, Codices graeci Vaticani saeculis
XIII et XIV scripti annorumque notis instructi. Vatican City 1964, 117-124 and pl. 96.

The metrological problems are edited in E. ScriLBach, Byzantinische metrologische Quellen (Byzantina keimena kai meletai
19). Thessalonike 1982, sects. 1.5c—d (ff. 98r and 80v); 11.4, 14, 16, 18 (ff. 94r-97v); I11.1 (ff. 88v-91r); 111.2e k (f. 73r27—
v9); IV.4d (ff. 80r23—v4, 83v marg.); IV.8b,f (88v1-3, 84r marg., 76v16-19, 69v5-9); see also ibid., 13; and in J. LEFORT
—R.-C. BonDOUX — J.-C. CHEYNET — J.-P. GrRELOIS — V. KRAVARI — J.-M. MARTIN, Géométries du fisc byzantin (Réalités byzan-
tines 4). Paris 1991, 48-58 (ff. 94r-97v). The two testament templates are edited in G. FErrart, Due formule notarili cipriote
inedite del Cod. Vaticano Pal. gr. 367, in: Studi in onore di Biagio Brugi nel XXX anno del suo insegnamento. Palermo 1910,
429-443.
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Anonymus L, Laur. Plut. 86.3, ff. 165r-169v (2" half of 13" century); 48 items partitioned into sub-
sections. Greek numerals are used. This is edited and analysed in the present article.

Anonymus J. Vat. gr. 191, f. 261r (2" half of 13" century); 6 items, title dpyn cOV Oed TdV SaPdpwV
épotnuatwv. This single page, deleted by pen strokes, is embedded into an astrological collec-
tion: the bifolio where these problems belong was thus used as recycled paper. This is also edited
and analysed in the present article.

Anonymus P, Par. suppl. gr. 387, ff. 118v-140v (end 13" century); 119 items, title ymeneopud (n-
Tuoto Kol TpofAnuata, 6 6N Kol petd tdv oikeiov pebddwv Ekaotov cvykertor Calculative
Investigations and Problems, Which Are Collected here Each with its Own Procedures, too®. It
also contains some geometric metrological problems and number-theoretical elaborations. The
distribution of the problems among categories is random. Greek numerals are used. Most of what
precedes in the manuscript is isagogic or geometric metrological material?.

Anonymus 1306, Par. suppl. gr. 387, ff. 148r-161v (early 14" century). This is also something like an
Ur-Rechenbuch. Its contents are: ff. 148r—149v, operations on fractions; 149v, abridged Passover
Computus (from a given year to the subsequent one) to a.m. 6814 [= 1306], and other chronologi-
cal material; 150r-151r, very short annotations (one of which is dated 1303), followed by one
Rechenbuch-style problem; 151v, Eratosthenes’ sieve; 152r-v, calculation of currency interests,
title £tépa ynorpopio mePt T€ TOK®V VOUOUATOV dapopdc T€ Kol pupaciog, kol E0Tv Eimelv
oVtog mepl tokmv vopopdtev Calculation about the Difference and Combination of Interests of
Nomismata, Which Amounts to Say about Interests of Nomismata; 152v-157r, basic applications
of the rule of three, title £tépa péBodog apOunTikn mept képdovg kai {nuiag Another Arithme-
tical Procedure about Profit and Loss; 157r-158r, rules for calculating with unit fractions, title
ynoelpopia mept ouvbicews popimv EkPoAf|g dupéoems e kai ToAlamlacioopod Calculation
about Addition, Subtraction, Division and Multiplication of Parts; 158r-161v, three sets of typi-
cal Rechenbuch-style problems: first set, 8 items, no title?’; second set, 4 items, title yneipopua
npoPAiuata mavo oeéinua Very Useful Calculative Problems?; third set, 6 items, title pé6odot
kaBolucai General Procedures.

Rhabdas, Letter to Tzavoukhes®. Embedded in a discursive setting the other Rechenbiicher do not
share, it contains: multiplication and division (by reduction) of unit fractions (118.1-126.29 in

2 Edition K. VogeL (ed.), Ein byzantinisches Rechenbuch des friihen 14. Jahrhunderts (WBS 6). Vienna 1968. The manu-
script is described in HOO IV v—vir; M.-L. Concasty, Un manuscrit scolaire (?) de mathématiques. Scriptorium 21 (1967)
284-288; Acersi — ViTrAC, Héron d’Alexandrie 437-439. Anonymus 1306 is in a hand different from (and later than) that of
Anonymus P (A. Gioffreda, per litteras). Thus it is incorrect, as Concasty, Un manuscrit 285, and VoceL, Ein byzantinisches
Rechenbuch 11 n. 1a, do, to assign the date of the former to the latter.

Edited in HOO IV-V, with the same warning as above. The isagogic material is the pseudo-Heronian Definitiones. Ff.
141r-147v contain extracts from the arithmetical section of the so-called Anonymus Heiberg—1J. L. Heigera (ed.), Anonymi
Logica et Quadrivium (Det Kongelige Danske Videnskabernes Selskabs, Historisk-filologiske Meddelelser 15.1). Copenha-
gen 1929, sects. 5-8, 52.3-54.6; 10-12, 54.23-55.1, 55.10-15, 55.17-24; and 21, 62.12-19, the latter in a later hand—but
Heiberg did not use this manuscript—and (at ff. 142v-147r) a description of a cosmological system.

22 The first item of this subset is also attested, followed by a solution, in Par. gr. 2107, f. 129v (end 14"-beginning 15" century),
title aiviypo ynoewov; both are edited in Acersi, | problemi aritmetici, Text 16 (and n. 110 for commentaries on the variants
involved). The riddle can already be found in AP XIV.51.

The first three items of this subset coincide with the first three in Anonymus L, the first two also coincide with nos. 62 and
63 of Anonymus P. Later in the manuscript, ff. 181v—208r contain a substantial collection of problems on conversion of units
of measurement, a lore a title dubs votapiwkr émotun “notarial knowledge”. On f. 209r—v, title dpyn ovv Oe®d @V mapa-
nEUTTOV, a procedure for computing the inverse of superparticular ratios (from % to %) of integer numbers, followed by a
list of such ratios.

Edition P. Tannery, Notice sur les deux lettres arithmétiques de Nicolas Rhabdas. Notices et extraits des manuscrits de la
Bibliotheque Nationale 32 (1886) 121-252, repr. Ip., Mémoires scientifiques I'V. Toulouse — Paris 1920, 61-198: 118-186,
but two problems at the end are omitted because they were already edited in R. Hocte (ed.), Nicomachi Geraseni pythagorei
Introductionis Arithmeticae libri 1. Lipsiae 1866, 152.4-154.10. The main manuscript witnesses are organized as follows:
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Tannery’s edition); two methods of extraction of an approximate square root, the one a refinement
of the other (128.1-134.22); Easter Computus, assuming a.m. 6849 [= 1341] as the current year
(134.23-138.28); a so-called pébodog moltikdv Aoyopioudv Procedure of Civil Life Computa-
tions, namely: an exposition of the several species of the rule of three (140.1-144.9); generalities
and some problems of conversion involving weight®, length, and currency units of measurement,
solved by application of the previous rules (144.10-154.5); the same for a problem involving
alloying (154.6-24); twenty Rechenbuch-style problems?, with solutions and associated proce-
dures (156.25-186.19). Greek numerals are used.

Anonymus 1436, Vindob. phil. gr. 65, ff. 11r—126r (15" century); 242 numbered items®’. The ma-

2

2

2

2

2

a

)

N

8

©

nuscript contains, in the margins and within the text but always in the hand of the main copyist,
hundreds of completed arithmetic operations. In two books (nos. 1-116 and 117-242), written
in vernacular Greek, with obvious lexical loans from Italian and Arabic-Turkish. It includes a
fragmented handbook of logistic featuring notational issues, including the sign for zero (nos.
1-5); multiplication (with an example assuming 1436 as the current year) and division of integers
(6-39); operations with fractions (40-52); extraction of an approximate square root by linear
interpolation (123); extraction of cube roots (118); calculations with roots (119-126, 128-133);
standard multiplication tables (no. 127 = ff. 67v—73r; ff. 118r-123v contain square roots tables,
empty for the most part). Apart from this, one finds rule of three and arithmetical problems (nos.
53-116, 153-165), sometimes without the daily-life guise (134-152)%, and including the sum of
arithmetic progressions (57-60); geometric problems solved numerically and geometric metro-
logical problems (166-242)%.

Par. gr. 2107, ff. 115v—122v (TANNERY, Notice 140.1-172.15 molvnlaciocov {tadta}; 1425-48), copies of which are Wien,
Osterreichische Nationalbibliothek, suppl. gr. 46 (<George Valla>), ff. 1r—4r, and Wolfenbiittel, Herzog-August-Bibliothek,
Gud. gr. 40 (<Matthew Macigni>), ff. 2r—8r; Vat. gr. 1411 (<John Eugenicus>), ff. 23r—25v (incomplete, des. ibid., 132.31
€otwv 0 Kg); its apographs are Scorial. @.1.10 (gr. 188), ff. 108v—124r (1542), an immediate copy of which is Par. gr. 2428, ff.
225r-245v (mid-16" century), Vat. Ross. 986 (mid-15" century), ff. 123r-141v, Par. suppl. gr. 652 (15" century), ff. 165r-v
(des. ibid., 122.11 tprokaudéxaro). On all of these manuscripts see Acersi, | problemi aritmetici; add also Par. suppl. gr. 682,
f. 34r-v (15" century), containing only the Easter Computus. See P. Tannery, Manuel Moschopoulos et Nicolas Rhabdas.
Bulletin des Sciences mathématiques 2¢ série 8 (1884) 263-277, repr. Ip., Mémoires Scientifiques IV. Toulouse — Paris 1920,
1-19: 12-14, for a summary description of the contents of the treatise. On this Easter Computus (a real Computus, not a
chronological primer) see O. ScrisseL, Die Osterrechnung des Nikolaos Artabasdos Rhabdas. BNJ 14 (1937-38) 43-59.
The metrological portion at TANNERY, Notice 144.11-146.8, is also edited in ScuiLBacH, Byzantinische metrologische Quel-
len, sect. IV.3; see also ibid., 30-31.

Some of these problems coincide with problems in Anonymus P: no. 13 = example at Tannery, Notice 142.26-144.9; no.
14 = Rhabdas’ problem I; 18 = problem III; 20 = IV; 21 = VI; 22 = VII; 9 = X; 11 = XII; 24 = XIII; 35 = XVI. Algebraic
formulations of the problems in this section are in Tannery, Manuel Moschopoulos 14. The title of this section returns in the
phrases at Tannery, Notice 140.8 and 154.3-4.

Editions: Books I-Il, M. D. CuaLkou (ed.), The Mathematical Content of the Codex Vindobonensis Phil. Graecus 65 (ff.
11-126). Introduction, Edition and Comments (Byzantine Texts and Studies 41). Thessaloniki 2006; Book I, S. DESCHAUER
(ed.), Die groBe Arithmetik aus dem Codex Vind. phil. gr. 65. Eine anonyme Algorismusschrift aus der Endzeit des Byzanti-
nisches Reiches. Textbeschreibung, Transkription, Teiliibersetzung mit Fachsprache, Vokabular, Metrologie (Osterreichische
Akademie der Wissenschaften, Philosophisch-historische Klasse, Denkschriften 461). Vienna 2014. Other texts pertaining to
the logistic part of this item are found on ff. 4v-5v, 6r-9v and 142v-159v of the manuscript; the latter mainly repeat sections
of Anonymus 1436. A tract, explicitly presented as a complement to Nicomachus, written by the Aristotelian commentator
Leo Magentinus (1% half of 14" century; PLP, no. 16027) and entitled Ilepi tod nidg €otv 6 déka téle1og dptOuog On Why
Ten is a Perfect Number, is also found in Vindob. phil. gr. 65, f. 4r—v. Related material can be found at ff. 1v—2v and 5v—6r of
the same manuscript (one text is transcribed twice, the former being the better version). For a description of this manuscript,
H. Huncer, Katalog der griechischen Handschriften der Osterreichischen Nationalbibliothek, I (Museion 4.1). Vienna 1961,
182-183, must be completed with DescHAUER, Die groRe Arithmetik 11*-12*

Thus, these are algebraic problems in Diophantine style and worded in the typical Middle-Ages fashion (the unknown is
called mpdypa, etc.). This feature is unique to Anonymus 1436.

Note that nos. 185-200 are missing because a page was lost in some model of Vindob. phil. gr. 65 (which does not show
traces of a missing page); their content (mainly rules for fortification-building) can be recovered from the initial table of
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Anonymus V, again Vindob. phil. gr. 65 (15" century), ff. 126v—-140r; 100 numbered items®. Written
in vernacular Greek, with obvious lexical loans from Italian and Arabic-Turkish. It also contains
a few computational methods and some metrological problems. Anonymi 1436 and V only use
Greek numerals, with an additional figure for the zero; sometimes, the Greek numeral signs from
o to 0 are also used to designate tens, hundreds, etc.: the resulting notation is positional.

Anonymus R, Firenze, Biblioteca Riccardiana, gr. 12, ff. 26v—27r (1430-50); 6 itemsL.

Anonymus U, Uppsala, Universitets Bibliotek, gr. 8 (late 15" century), ff. 324r-331r; 18 items®.
Written in vernacular Greek, with obvious lexical loans from Italian. Twelve problems are fol-
lowed by six exercises on multiplication and division of fractions. Both Greek and Western Arabic
numerals are used.

Add to these items a florilegium of geometric metrological problems, some of which are in fact
problems of Diophantine analysis in fictitious metrological guise (problems “of separation”), con-
tained in Istanbul, Topkap1 Saray1 Miizesi G.1.1 (written by Ephrem ca. 960), ff. 28v—38v®,

The descriptions of some of the above items confirm that the designation Rechenbuch must be
taken to refer to a constellation of more or less well-structured, highly sectional, logistic collections;
these can sometimes prove difficult to delimit in a given manuscript, because of the simultaneous
presence of geometric metrological material that we might wish to attach to the intended Rechenbuch
or not.

The existence of what | have called Ur-Rechenbiicher adds a diachronical dimension to the issue:
we really see the generation of these corpora from core collections of metrological recipes (conver-
sions of weights and currencies, but also measurement of geometric figures) accompanied by compu-
tational tools obviously relevant for solving these problems such as resolution of common fractions
into unit fractions. It is noteworthy that the chronological primers traditionally called Easter Computi
were included in (Ur-)Rechenbiicher from the very outset: apparently, they were perceived as ho-
mogeneous material in point of style and insofar as they involve extensive calculations. Problems
in fictitious daily-life guise seem to enter the corpus during the Nicaean period (1204—61), thereby
giving rise to fully-fledged Rechenbiicher. Now, it so happens that: a) these problems have a long-
standing Greek tradition in the form of epigrams (AP XIV)*; b) a purely mathematical setting for

contents (f. 13r-v); no. 117 is the preface to Book II.

Edition H. Huxaer — K. VoaeL (eds.), Ein byzantinisches Rechenbuch des 15. Jahrhunderts (Osterreichische Akademie der

Wissenschaften, Philosophisch-historische Klasse, Denkschriften 78.2). Vienna 1963; the copyist is not the same as that of

Anonymus 1436. The manuscript was first described, with an edition of some extracts, in J. L. HEiBERG, Byzantinische An-

alekten. Abhandlungen zur Geschichte der Mathematik 9 (1899) 163-174: 163-169; among these extracts (ff. 146v-147r)

figures a numerical list of powers of 2 as far as 2%, with three additional texts (a rule for getting the sum as far as an arbitrary
power, a rule for multiplying specific powers, a note on some peculiar denominations of higher numerical orders; only the
latter is edited by Heiberg): this is the so-called “wheat and chesshoard problem”; the same copyist transcribed the list and
two of the three texts in the manuscript Milano, Biblioteca Ambrosiana, I 112 sup. (gr. 469), ff. IIlv—-IVr; a chessboard sche-

me in whose cells the same numbers are marked is in Ambros. E 80 sup. (gr. 294), f. 196v (the last two cells are empty). A

problem identical with Anonymus V, no. 38, is edited in F. Spingou, ITid¢ d&i edpiokew 10 daktoiiov. Byzantine Game or a

Problem from Fibonacci’s Liber Abaci? Unpublished Notes from Codex Atheniensis EBE 2429. Byz 84 (2014) 357-369, but

the editor got all the mathematics wrong.

31 The second in order coincides with the one edited in Hocue, Nicomachi Geraseni 152.5-153.6, the third with the one includ-
ed in Rhabdas’ Letter to Tzavoukhes and edited in Tannery, Notice 184.20-186.4. All the problems were penned by George
Scholarios (d. c. 1472; PLP, no. 27304—I thank D. Speranzi, who communicated the description of the manuscript in his
forthcoming catalogue of the Greek manuscripts of the Riccardiana library to me).

% Edition D. M. SEarsy, A Collection of Mathematical Problems in Cod. Ups. Gr. 8. BZ 96 (2003) 689-702.

% See J. L. HeBERG — H. G. ZEUTHEN, Einige griechische Aufgaben der unbestimmten Analytik. Bibliotheca Mathematica, 111
Folge, 8 (1907-08) 118-134, and Acersi — ViTrAc, Héron d’Alexandrie 492-497. A Rechenbuch problem was also attached
at the end of Planudes’ Great Calculation According to the Indians; we read it in ALLarp, Maxime Planude 191.17-193.21;
it is the same problem as Anonymus L, no. 40 = Anonymus P, no. 84.

% A typology of the mathematical epigrams in AP X1V is as follows: partition with a remainder, that is, an unknown number
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some of them is provided in Diophantus’ Arithmetica and in a possibly lower-status tradition that sur-
faces in P.Mich. 620 (2" century)®; c) finally and most importantly, Greek Late Antiquity hands an
almost fully-fledged Rechenbuch down tu us as the Papyrus Achmin (7™ century)®. These facts mean
that it is open to question whether we have to assume that any early and massive transfer of lore and
techniques of this kind from other mathematical cultures in the Mediterranean basin has occurred, in
particular from the Latin world, to the Greek technical corpus®. Very simply—and despite the argu-
ably contrary evidence of Anonymi E and 1256 coming from Cyprus—the early Greek Rechenbuch
tradition is, on the whole, perfectly self-contained; for this reason, in my edition I shall only provide
a concordance with similar problems in Greek sources®. Moreover, it is quite obvious that Anonymi
L, J, P, and 1306 on the one hand, and Anonymi E and 1256 on the other, must relate to markedly
homogeneous yet different campaigns of composition of this kind of collections.

It is also important to recall that the Greek and Byzantine scientific literature displays an indepen-
dent tradition of strictly logistic primers intended to assist astronomical calculations®. These primers
give theoretical grounds for, and explain how to perform, the basic arithmetical operations in the dec-
imal or in the sexagesimal system, including extraction of approximate square roots and composition

is the sum of given parts of itself and of a given number: 1-4, 116-127, 137, 138 (116-120, 138 on distributing nuts or ap-
ples; 126, 127 on telling the age; 126 tells the age of Diophantus); the sum of given parts of an unknown number is a given
number: 50; an unknown number plus a given part of itself yields a given number: 6, 139-142 (telling the hour), 128, 129,
143 (various settings; the last with two given parts); filling of a tank: 7, 130—-136; numbers in arithmetic progression with
given ratio and sum, and unknown first term: 12; two or several unknown numbers satisfying specific relations: 11, 13, 48,
49, 51, 144 [the relations are 11, 13: x +y =k and x/a £ y/b = h; 48: ax = n(a + k) (n arbitrary; the solution is not unique); 49:
Xx+y+z+w=k x+y=ck x+z=bk, x+w=ck;51:x=y+2/3,y=z+x/3,z=10 + y/3; on 51 see also note 22 above; 144:
z+Ww =X, 2w =X, Z = 3y (indeterminate)]; give-take problems: 145, 146. These epigrams and the scholia to them are edited
together, from Par. suppl. gr. 384, in DOO Il 43-72. See also TANNERY, Sur les épigrammes, and P. TaNNERY, Le calcul des
parties proportionnelles chez les Byzantins. REG 7 (1894) 204-208, repr. Ip., Mémoires scientifiques IV. Toulouse — Paris
1920, 283-287, for an assessment. Recall that one single problem in Diophantus’ Arithmetica, namely, V.33, is conceived as
the solution of a riddle set out in epigram form.

Edition in F. E. RoBains, P. Mich. 620: A Series of Arithmetical Problems. Classical Philology 24 (1929) 321-329, further
discussion in K. VogeL, Die Algebréischen Probleme des P. Mich. 620. Classical Philology 25 (1930) 373-375.

% The Papyrus Achmin [edition J. BaiLLET, Le papyrus mathématique d’Akhmin. Mémoires publiés par les membres de la
Mission Archéologique Francaise au Caire 9.1 (1892) 1-89] contains 50 problems, sometimes very short. The typology is
as follows (cf. ibid., 32-33): calculation of volumes: 1, 2, 5; proportional partition: 3, 4, 10, 11, 47-49 (the three treasures
problem); iterative partition: 13, 17; calculation of interest: 26-28, 33-37, 44-46; basic rule of three: 41-43; calculations
with fractions: 6-9, 12, 14-16, 18-25, 29-32, 38-40, 50. The problems are preceded by a table of resolutions of common
fractions into unit fractions; see pages 14-15 and 50-56 below.

A similar claim concerning the Rechenbuch he publishes is made but not argued in VogeL, Ein byzantinisches Rechenbuch
154-160 and the all-inclusive table there attached. For a different assessment concerning Rechenbiicher, see J. Hovrup,
Fibonacci — Protagonist or Witness? Who Taught Catholic Christian Europe about Mediterranean Commercial Arithmetic?
Journal of Transcultural Medieval Studies 1 (2014) 219-247: 236238, who sees it as more likely a partial borrowing in
the opposite direction, namely, “that the Italian and Iberian way to formulate alloying problems had its roots in a Byzantine
money-dealers environment” (ibid., 238, emphasis in the original). Recall that Fibonacci claims three times that one of his
problems was proposed to him by a magister constantinopolitanus (B. Boncompacni (ed.), Scritti di Leonardo Pisano. I1.
Liber abbaci. Rome 1857, 188, 190, 249). This is in fact the sole basis supporting the claim that Fibonacci was present in
Constantinople at the end of 12" century.

The reader interested in concordances of problems in Greek and non-Greek sources will find them in VogeL, Ein byzan-
tinisches Rechenbuch 154-160; HunGer — VogeL, Ein byzantinisches Rechenbuch 91-101; and, on a systematic basis and
ranging over the entire worldwide corpus, in J. TroprkE, Geschichte der Elementarmathematik, 4. Auflage. Berlin—New York
1980, sect. 4.

Cf. the explicit statement opening Anonymus 1252: ArrLarp, Le premier 80.2—4, and, in a smoother formulation, Planudes’
Great Calculation: ALLarp, Maxime Planude 27.1-5. Despite its title (and the author’s statement similar to that of Planudes:
CarEeLOS, Baproay 1.10-26), Barlaam’s Logistic is not a writing of logistic, but a fully-fledged treatise of theoretical arith-
metic formulated in impeccable demonstrative style. Barlaam (PLP, no. 2284), undisputably the Byzantine scholar best
versed in mathematical matters and a major actor in the hesychastic controversy, died in 1348.
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Byzantine Rechenbiicher: An Overview 9

and removal of ratios®. The two traditions eventually merged in the 15" century, within Anonymus
1436, for instance. More generally, the later Rechenbiicher appear to witness to a discontinuity in
the tradition, entailing obvious stylistic changes: these involve contents (as just seen), lexicon (with
obvious loans from other languages, in particular Italian), and the style in which the problems are
written (less strict algorithmic code).

GENERAL STYLISTIC FEATURES OF RECHENBUCHER

Atypical Rechenbuch problem is presented as a question (§p@toic) or as a calculation (yij@og). The
enunciation first sets out the givens and the constraints of the problem; the task to be performed is
then enunciated in interrogative or prescriptive form*. The enunciation is followed by the procedure
of solution (néBodoc). The input of the procedure is fed in either by means of a causal subordinate
énedn “since” + indicative, or directly within the first algorithmic step, after a standard initializing
“we do as follows” clause. The procedure may be followed by a proof (dmodei&ic; they are absent in
Anonymus J), which amounts to checking that the numbers arrived at at the end of the procedure ac-
tually solve the problem. The procedure and especially the proof may include elaborate calculations
with fractions, usually not carried out in full details. These operations constitute the computational
core of Rechenbuch problems; as we have seen, specific Rechenbuch problems just deal with ma-
nipulations of fractions. As was customary in the Greek tradition, common fractions were handled by
resolving them into unit fractions (for instance, %; was resolved into ¥4, ¥, Y43 ¥.4); these unit fractions
are combined with the relevant ones featuring elsewhere in the problem, in order to add or to subtract
the common fractions they arise from*. Rechenbuch problems other than geometric metrological
problems usually do not involve the extraction of square roots.

The style adopted in Rechenbuch problems calls for some words of explanation. Greek and By-
zantine mathematics adopted three stylistic codes: these are the demonstrative, procedural, and algo-
rithmic codes®. The demonstrative code is the one in which ancient Greek geometry is written and
does not need any description. In logistic, the solution of a numerical problem, usually formulated
without any supporting proof, was encoded in two peculiar expository formats, namely, the proce-
dural and the algorithmic code. These are two stylistic resources formulating chains of operations on
numerical entities, such that the output of an operation is taken as the input of the subsequent opera-
tion: they are the ancient counterpart of our computer programmes. In particular, the procedural code
was aptly used to formulate operational sequences that we would condense in an algebraic “formula”.

The procedural code formulates its prescriptions as a sequence of coordinated principal clauses
with the verb in the imperative or in the first person plural, present or future; to each principal clause
are subordinated one or more participial clauses coordinated with each other; the participle is a sat-
ellite and performs the function of modifier of the operating subject. This code is used to formulate
operatory prescriptions in the most general way; the mathematical objects involved are identified by

0 See the overview in Acersi, Arithmetic 117-124. The model of such primers is the Prolegomena ad Almagestum, a (unre-
dacted) set of lecture notes of a course held in the circle of the Neoplatonic philosopher Ammonius (Alexandria, end of 5
century); see J. Mogener, L’Introduction a I’ Almageste (Académie Royale de Belgique, Classe des Lettres et des Sciences
Morales et Politiques, Mémoires, 2¢ série, Tome 51.2). Louvain 1956, and the edition of the non-logistic portion in F. Acersr
—N. VINEL — B. VitrAC, Les Prolégomenes a I’Almageste. Une édition a partir des manuscrits les plus anciens: Introduction
générale — Parties I-111. SCIAMVS 11 (2010) 53-210. These primers usualy do not include instructions for handling common
or unit fractions.

4 Both directive infinitive and modal expressions are used; see the thematic word index below.

42 See pages 14-15 and the Appendix for details.

4 These notions were first introduced in F. Acerst, | codici stilistici della matematica greca: dimostrazioni, procedure, algorit-
mi. Quaderni Urbinati di Cultura Classica 101.2 (2012) 167-214; see also Acersi — ViTrac, Héron d’Alexandrie, sect. 11.2,
for the algorithmic code in Hero’s Metrica.
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(sometimes extremely long) definite descriptions; the verb forms—either finite or participial—rep-
resent the operations. The most striking application of this stylistic tool in the ancient Greek corpus
is the double procedure in Diophantus, De polygonis numeris, of which we only read the first half as
an example*:

AaPovTEG Yap TV TAELPAY TOD TOALYMOVOL Al SMAACIAGOVTEG APELODUEV HOVAd, KOl TOV
AOUTOV TOAATAQGLAGOVTES €L TOV dVAL EAAGGOoVa TOD TANO0VG TOV YOVIOVY [Kai] T® YEVOUEV®D
npocOnoopev del dvdoda, Kol AafoOvieg TOV AmO TOD YeEVOUEVOL TETPAy®VOV dperodueV Am’
avTOD TOV A0 TOV TETPASL EAMAGGOVOG TOD TANOOLS TOV YOVIDY, KOl TOV AOUTOV HEPICAVTES €i¢
OV oKktamhiaciova oD dvddl EAdccovog Tod mANBovg TOV YovidY gvpricopey TOV (ntoduevov
TOADY®OVOV.

(“In fact, taking the side of the polygonal always doubling we shall subtract a unit, and multi-
plying the remainder by the <number> less by a dyad than the multiplicity of the angles we shall
always add a dyad to the result, and taking the square on the result we shall subtract from it the
<square> on the <number> less by a tetrad than the multiplicity of the angles, and dividing the re-
mainder by the octuple of the <number> less by a dyad than the multiplicity of the angles we shall
find the sought polygonal.”)

The algorithmic code resorts to paradigmatic examples featuring specific numerical values®. After
the initializing clause, the prescriptions are expressed as a sequence of principal clauses coordinated
by asyndeton; each clause formulates exactly one step of the algorithm and comprises a verb form in
the imperative (this is the operation) and a system of two complements, a direct one and an indirect
one, in the form of demonstratives or of numerical values (these are the operands). The operation is
often expressed by means of the preposition introducing the indirect complement, without any verb
form. The result of each operation is identified in a separated clause, with the verb in the present
indicative (forms of yivopat “to yield”), sometimes replaced by an adjective in predicative position
(mainly Aowmdg “as a remainder” after a subtraction). Both syntactical structures are equivalent to
our equals sign. The main feature of an algorithm is the systematic and exclusive use of parataxis by
asyndeton: no coordinants, (almost) no connectors, no subordination. The algorithmic flow is usu-
ally one-step: any step 1) accepts as input a number that is directly the output of the immediately
preceding step and 2) feeds in new data by means of the second operand. Operations in which neither
operand comes from the immediately preceding step are less frequent. Such operations induce a hia-
tus in the algorithmic flow; the hiatus is often syntactically marked by the presence of particles or of

4 F. Acersi (ed.), Diofanto, De polygonis numeris (Mathematica Graeca Antiqua 1). Pisa—Rome 2011, 197.18-30. Procedures
prominently figure in the astronomical corpus; they expound how to use numerical tables to compute relevant astronomical
quantities. Thus, we find procedures in Ptolemy, Alm. 11.9, I11.8, 111.9, V.9, V.19, V1.9-10, X1.12, XIIL.6, and the instruction
manual to the Handy Tables, in Pappus’ and Theon’s commentaries thereon, in the anonymous Prolegomena to the Almagest,
a late antiquity primer to the elementary arithmetical operations in the sexagesimal system, in Stephanus’ commentary on the
Handy Tables, and in all similar Byzantine primers. In the latter texts, procedures precede paradigmatic examples presented
in algorithmic form and are intended to validate them.

% In the ancient Greek corpus, this code prominently figures in Hero’s Metrica, and exclusively in the geometric metrological
corpus. In the Metrica, proofs using the “language of the givens” precede paradigmatic examples of computations in algo-
rithmic form, and are intended to validate them. In all astronomical primers mentioned in the previous footnote, paradigmatic
examples presented in algorithmic form are very frequent; they are systematically preceded by procedures; as said, the latter
are intended to validate the former. In these texts, algorithms are frequently replaced—or accompanied—Dby tabular arrange-
ments of the performed operations; as a matter of fact, the latter are nothing but an evolution of the former in a more perspi-
cuous format. In the computational primer included in Theodorus Meliteniotes’ Three Books on Astronomy, each operation
is described three times: by means of a procedure (called pé0odog), of an algorithm (vmoderypa “example”), and of a tabular
set-up (ékOeoig TV apOudv “setting-out of the numbers”).
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liminal verb forms. As an example of an algorithm we read a part of Hero, Metr. 1.8—this is “Hero’s
formula” for finding the area of a triangle once its sides are numerically given®:

olov Zotmcay ai Tod Tprydvov mAevpal povadmy ¢ 6. For instance, let the sides of the triangle be of 7, 8, 9 units.
oOvOeg T { kol o M kad T 0 yiyveton k& Compose the 7 and the 8 and the 9: it yields 24;
to0T®V AafE TO fipov yiyveton 13- take half of these: it yields 12;

Gopeghe tog ¢ povadag: howrad €. subtract the 7 units: 5 as a remainder.

oAy Geele amd T@V 1B TG 1 Aoutal 8. Again, subtract the 8 from the 12: 4 as a remainder.
kol 11 Tag 0+ Aowrod . And further the 9: 3 as a remainder.

noinoov ta 1B éni T & ylyvovron & Make the 12 by the 5: they yield 60;

tadto i T & ylyvovral op- these by the 4: they yield 240;

Todto €l To Y- yiyveTal vk these by the 3: it yields 720;

00TV AaBE TAELPAV, take a side of these,

kol Eotat TO EuPadov Tod Tprydvov. and it will be the area of the triangle.

The algorithmic code employed in Rechenbuch problems is highly contaminated with procedures,
and allows for several stylistic variations*’. Some of them I shall explain in the commentary to the
problems edited in this article.

THE RECHENBUCH IN LAUR. PLUT. 86.3: ANONYMUS L

Anonymus L is contained in Laur. Plut. 86.3, a composite manuscript whose contents are as follows*:
ff. 1r-162v lamblichus, Opera*; ff. 163v—169v, material to be described below (2" half of 13" cen-
tury); ff. 171r-186v Marinus of Neapolis, Vita Procli, ff. 186v—204v [Aristotle], De mirabilibus aus-
cultationibus (end 13" century + 16"-century restoration); ff. 205r—209v Theophrastus, Characteres
(14" century); ff. 210r-232r Aeschylus, Persae (end 13" century). We are interested in the structure
of the quinion ff. 161-170. It contains: ff. 161r-162v end of the collection of lamblichus’ treatises;
163r blank; 163v-164r two divisions of the canon; 164v table of currency equivalence; 165r-169v
Anonymus L; 170r-v blank. Since Anonymus L starts at f. 5 of the quinion, the Rechenbuch is, to-
gether with the other material, a filler intended to complete the lamblichean transcription. There is
only one hand at work in Anonymus L, despite the ink and pen change—entailing a slight variation
of the ductus—at ff. 168v15-169v21.

Contrary to what is currently asserted®°, the hands involved in copying lamblichus and Anonymus
L must be definitively dated to the second half of the 13™ century. In particular, the main copyist of

4 AcersI — VITRAC, Héron d’Alexandrie 174.3-7.

47 On the use of the first person singular in alloying problems, see again Hoyrup, Fibonacci 236-238.

4 Descriptions in P. Moraux — D. HARLFINGER — D. ReiNscH — J. WiesNer (eds.), Aristoteles Graecus. Die griechischen

Manuskripte des Aristoteles. Erster Band, Alexandrien—London. Berlin — New York 1976, 282-286 (by J. Wiesner); D.

SAFFREY — A.-Ph. SEGonps — C. Luna (eds.), Marinus, Proclus ou sur le bonheur. Paris 2001, cvi—cix; C. GiacoMmeLLi, Un

altro codice della biblioteca di Niceforo Gregora: il Laur. Plut. 86, 3 fonte degli estratti nel Pal. gr. 129. Quaderni di storia

80 (2014) 217-237: 219-222, and C. GiacomeLLi, Ps.-Aristotele, De mirabilibus auscultationibus. Indagini sulla storia della

tradizione e ricezione del testo (Commentaria in Aristotelem Graeca et Byzantina 9). Berlin 2020. | also thank C. Giacomelli

for discussions about the hands involved in ff. 1-170 of this manuscript. | also tacitly correct some datings of hands: F. Acer-

BI — A. GIOFFREDA, Manoscritti scientifici della prima eta paleologa in scrittura arcaizzante. Scripta 12 (2019) 9-52.

These are ff. 2v—46v De vita Pythagorica, 47v-82v Protrepticus, 84r-115v De communi mathematica scientia, 115v-162v

In Nicomachi arithmeticam.

0 The assertion is based on a misreading of N. G. WiLson, Nicaean and Paleologan Hands. Introduction to a Discussion, in: La
paléographie grecque et byzantine. Actes du Colloque Paris, 21-25 octobre 1974, ed. J. Glénisson — J. Bompaire — J. Irigoin
(Colloques internationaux du C.N.R.S. 559). Paris 1977, 263-267: 265, about the script of the first codicological unit of Laur.
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Anonymus L is found in Vat. gr. 192, a manuscript also featuring the hand of the monk Ionas, who in
its turn, subscribed Oxford, Bodleian Library, Roe 22 (Niketas Choniates) on 15 May 1286

Let us now come to the mathematical material that precedes Anonymus L in Laur. Plut. 86.3. At ff.
163v—164r one finds two canonic divisions, the latter being a fairly incomplete redrawing of the for-
mer. This canonic division is a Greater Perfect System® that includes the names and standard signs
of the notes, the ratios between consecutive notes, the main ratios between notes and the names of the
corresponding musical intervals, and the numbers conventionally assigned to the notes. A marginal
annotation counts how many times the main musical intervals figure in the diagram.

At f. 164v, the table transcribed just below lists the equivalence of a nomisma (the main currency
in the Byzantine Empire) and of the fractional currency pihapiciov (12 pimapiole = 1 nomisma),
and in addition, of the weight and fineness unit kepdtiov (24 kepdrtia = 1 nomisma)*?; the first and
the last column indicate such equivalences assuming as the counting unit 1 (nomisma; left) and 6000
(right)>*. Note the old names (albeit misspelled)® of the coins worth %, and %4 of a nomisma.

KO KepaTY KpATEL (2%
By Atopiclov KpaTeL [0)
ne Y KepaTia KpaTeL yv
o B puapicio KpOTeL o
o Y pthapica KpaTeL Jot0)
v TpYicy KpATEL B
AN 6 € piuapiocta Kpdtet Po
- oo Kkpdret Y
ey ¢ piaopioto KpaTet YO
-z N pwAopicto Kpdret 0
Z 5% 0 paapiocto KpaTeL 00
oy 1 Aopiota Kpdtet €
2y By o Aapiota KpaTeL €D
70 v° 1 phopioto KpaTeL G

OVERVIEW OF THE MATHEMATICAL CONTENTS OF ANONYMUS L

I first provide information needed to understand what some problems in Anonymus L are about. This
information consists in the basic equivalence rules among weights or currencies assumed as a mat-
ter of course in Rechenblicher. The rule for weights and the equivalence table of nominal values of
currencies are as follows®:

Plut. 86.3 “resembl[ing]” Triclinius’.

°1 See AcerBI — GIOFFREDA, Manoscritti scientifici 16-24. A detailed analysis of the Bodleian manuscript is in A. Turyn, Dated
Greek Manuscripts of the Thirteenth and Fourteenth Centuries in the Libraries of Great Britain (DOS 17). Washington DC
1980, 49-52 and pl. 28-31.

52 See A. BARkER, The Science of Harmonics in Classical Greece. Cambridge 2007, 12-18.

% See the following section for the complete equivalence table. Recall that the carat is not a currency (see again below).

54 For the basic monetary unit (here, the nomisma) being divided into 6000 parts, see TANNERY, Le calcul; Morrisson, La log-
arike 440-441; BaiLLeT, Le papyrus mathématique; and D. H. FowLer, The Mathematics of Plato’s Academy. Oxford 1999,
235-236 (papyri). On this choice see also probs. 13-18 and commentary thereon; the counting unit ranging as far as 6000
is the noummion. As a matter of fact, what is here set out in tabular form is an abridgment (with the addition of the carats
entries) of the list opening the Palaia Logariké in Par. gr. 1670, f. 3r—v. Edition of the list in N. G. Svoronos, Recherches
sur le cadastre byzantin et la fiscalité aux XI¢ et X11° siécles: le cadastre de Thébes. BCH 83 (1959) 1-145: 79; translation in
tabular form in Henpy, Coinage 59, or MorrissoN, La logariké 422.

% But for the several spellings of cipiciov see LBG, sub voce.

% Cf. C. Morrisson, Byzantine Money: Its Production and Circulation, in: The Economic History of Byzantium. From the
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pound ounce  exagion gram carat nomisma  miliaresion (carat) follis
1 12 72 288 1728 1 12 24 288
1 6 24 144 1 2 24
4 24 1 12
6

Information about other weight or currency units is provided in the commentary ad loca. The

reader is also referred to the word index below, to E. Schilbach’s books on Byzantine metrology®’,
and to the indexes of edited Rechenbiicher®.

Anonymus L contains 48 problems. They can be categorized within two different typologies, on

the basis either of their “bare” mathematical content or of their staging format. A non-exclusive
mathematical typology is as follows®.

5

5

5

7

8

©

calculation of interest: 13-18;

calculations with fractions, both unit and common fractions: 32-38;

Diophantine-style problems in everyday-life guise: 1, 2 (telling the hour: an unknown number
plus a part of itself yields a given number: no counterpart in Diophantus’ Arithmetica since it in-
volves one variable only; cf. AP XIV.6, 139-142); 7 (give-take problem: assigned exchange-frac-
tions and equal, and assigned, final amount: Diophantus, Ar. 1.21); 8, 10, 11 (give-take problems:
assigned exchange-amount and assigned final ratios [one of them ratio of equality]: Ar. 1.15; AP
XIV.145-146); 26 (cup made of two metals: system of two equations in two unknowns: Ar. |.5;
cf. AP XIV.13); 39, 43, 44 (pursuit: an unknown number plus a given number is equal to a suitable
rescaling of the unknown number);

iterative partitions: 40, 45 (apples, beggars);

proportional partition of a given amount (always tripartition; bipartition in Ar. 1.2; frequent in AP
XIV): 4 (tank filled by three sources; cf. AP XIV.7); 5, 6 (estate partitioned among three people),
12 (generic purchase), 41 (purchase of a drink by three people);

multiplication by several numbers: 3 (telling the hour);

rule of three: 19-24 (values of alloy with variable fineness); 25 (conversion of units of measure-
ment: weights and currencies); 27 and 28-31 (conversion of units of measurement; 31 gives
a rule); 34-36 (change of denomination of fractions); 42 (bees eating honey); 46 (bow Kkilling
birds); 47, 48 (buying goods; entails conversion of units of measurement);

onomatomancy: 9.

Seventh through the Fifteenth Century, ed. A. E. Laiou (DOS 39). Washington DC 2002, 891-966: 921 and 930, Henpy,
Coinage 25. Recall that the weight of a nomisma is 1 exagion = 24 carats; this means that a standard gold nomisma is of 24
carats weight and of 24 carats fine. The carat was thus also used as the fineness unit (that is, a unit of value), but it was not a
currency. The miliaresion and the follis were originally a silver and a copper coin, respectively; after Alexios I’s reform, they
became units of account not represented by a coin. The miliaresion loses even this function from the mid 12"-century on, and
in fact it is never mentioned in our Rechenbiicher. A clear exposition of Byzantine monetary terminology is in Hexpy, Coin-
age 27-38. See also C. MorrissoN, Les traités d’arithmétique byzantins des XI11*-XV® siecles, source d’histoire monétaire.
Revue Numismatique 167 (2011) 171-183, for a short discussion of the currencies mentioned in the Rechenblicher edited so
far.

E. ScHiLBACH, Byzantinische Metrologie (HdA 12.4). Munich 1970, and SchiLBacH, Byzantinische metrologische Quellen,
for the sources.

See TaNNERY, Notice 188-198 (Rhabdas’ explanations in his Letter to Tzavoukhes are invaluable); VogeL, Ein byzantinisches
Rechenbuch 139-145 and 161-163; DescHAUER, Die grof3e Arithmetik 359-413.

Compare the analogous typologies in VogeL, Ein byzantinisches Rechenbuch 147-148; Huncer — VogeL, Ein byzantinisches
Rechenbuch 87-91; CuaLkou, The Mathematical Content 28-56; DescHAUER, Die grof3e Arithmetik 355-357.
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A non-exclusive typology based on the staging format and everyday-life goals is instead as fol-
lows (details on the actual staging in the previous typology):

« alloy currencies: 19-24;

« alloying: 26;

 conversion of units of measurement: 19-31, 47, 48;
* interest rates: 13-18;

» give-take: 7, 8, 10, 11,

» handling fractions: 32-38;

* onomatomancy: 9;

* lively staging: 1-6, 40-42, 45, 46;
* pursuit: 39, 43, 44;
 sellying-buying: 12, 41, 47, 48;

« telling the hour: 1-3.

The following table sets out the structure of Anonymus L according to the previous typology; the
second and the fourth row contain the concordance with Anonymus P:

112 (34567 |89 1011121314 |15(16 |17 |18 19|20 |21 |22 |23 |24
62 62| /(64 7L |/ |72/ | |3/ |TA| ] | 75]76| 77|78
2512627 | 28|29 |30 (3132|3334 (35|36|37 (3839|4041 |42 |43 |44 |45 |46/ 47|48
oy /7| /(88| / |8/ |8/ |/ ||24]84|8 |8 |87 |8 |8 |90f /| /

RESOLUTIONS OF COMMON FRACTIONS INTO UNIT FRACTIONS
CONTAINED IN ANONYMUS L

Dealing with common fractions by resolving them into unit fractions was a current technique in the
Greek and Byzantine world®, and more generally within the Mediterranean basin. Systematic lists
of resolutions into unit fractions are found in the manuscript tradition and in papyri®. A complete
table is in the Papyrus Achmin: denominations from 2 to 20, including %; the numerators are units,
tens, hundreds, thousands, and 1 myriad as far as the denomination 10, if instead the denominations
fall in the range 11 < n < 20, the numerators go from 1 to n; only one resolution is set out®. The list
of resolutions of common fractions in Anonymus 1183, Par. gr. 1670, ff. 44v—46v, is transcribed and
translated in the Appendix®®. Simpler resolution tables are attached to Rhabdas’ Letter to Khatzykes®;

€ On this issue, see W. R. Knorr, Techniques of Fractions in Ancient Egypt and Greece. Historia Mathematica 9 (1982)
133-171; B. Vitrac, Logistique et fractions dans le monde hellénistique, in: Histoire de fractions, fractions d’histoire, ed.
P. Benoit — K. Chemla - J. Ritter. Basel 1992, 149-172; Acersi — Vitrac, Héron d’Alexandrie 81-84 (Hero’s Metrica).

List of this kind of tables in papyri in FowLer, The Mathematics 269-274; edition of one of them in F. E. Rossins, A Gre-
co-Egyptian Mathematical Papyrus. Classical Philology 18 (1923) 328-333.

Similar tables, going as far as the ninths, are found in Vat. gr. 1058, ff. 36v—38r (early 15" century).

Parts expressed as sums of unit fractions are systematically used in the Palaia Logariké and Nea Logariké in the same ma-
nuscript.

The tables are edited in TanNERY, Notice 114—117; in the manuscripts, see Vat. gr. 1411, f. 13r, Venezia, Biblioteca Nazionale
Marciana, gr. Z. 323 (coll. 639), ff. 35v—36r (same copyist as Vat. gr. 1058). Rhabdas’ Letter to Khatzykes is not a Rechen-
buch but a computational primer; it contains the following (references are to the pages of TannEry, Notice): denominations
of numbers and how to represent integers from 1 to 9,999 on the fingers of the hands (86.1-96.12); abstract descriptions of
the five elementary arithmetic operations on integers, extraction of an approximate square root included (96.13-102.9); de-
nominations of numerical orders and their multiplication (102.10-110.5). A structured set of tables of addition, subtraction,

6
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they were almost certainly contained in the anonymous treatise that Rhabdas plagiarized®. The fol-
lowing tables set out all resolutions of common fractions into unit fractions used in Anonymus L.

Fifths
numerator 4
resolution Yo Y% Yio
problem 23,24, 28
Sevenths
numerator 3 4 5 6
resolution Ve Vo Via Vo Yo Via Y2 i Va4 %Y Vo
problem 1,19, 36, 42 19, 34 47 36
Eights
numerator 5 7
resolution Yo Ye Yo Yu Yy
problem 45 45
Ninths
numerator 2
resolution Y% Yis
problem 2
Tenths
numerator 7
resolution Yo Ye
problem 30

multiplication, and partition is found at the end of the treatise and was apparently meant to complete it; it also contains an
introduction to the partition table (114.1-17).

% See F. AcerBl — D. MaNoLova — . PErez MarTiN, The Source of Nicholas Rhabdas’ Letter to Khatzykes: An Anonymous
Arithmetical Treatise in Vat. Barb. gr. 4. JOB 68 (2018) 1-37.
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Elevenths
numerator 2 2 3 4 5 6 7
resolution Yio Yoy Va3 Vaa | Yo Vi Yoo Vios Yo Yaa Yo Yas Yo Vi1 Vs Yo Yoo Yo Yo
problem 2,4,38, 44 2 4,26 26, 38 12, 38 4 26
8 8 8 9
YV Vi Vs Vaa | Vo e Voo Ve % Y20 Yoo Yo Ya Vo2 Vs
12, 26, 38 26 38 2,12
Twelfths
numerator 5
resolution VoY
problem 5
Thirteenths
numerator 4 8
resolution Y6 V13 Va6 Vao Yo Vis Vo
problem 46 35
Other fractions
fraction Y Ya Ya e %9 Y s a3 ¥
resolution Vi Vi Y 12 Voo Y a0 Yio Y2 Ve YaYs Vs Vi Y6 ¥s Y10 Yoo Veo Vs Yoo Vis
1 1 1 1
Vo8 751 716 /15
problem 32 6 6 32 32 25 29 26 38
fraction Y7 % ¥ o Y105 250 R e
resolution | % Y Yo | %2 YaVe Ve | Y VaVis YV Yo Vs Yros Yo Vios Ye ¥s Y11 Vizo Yier
1/188 1/376 ]/94 1/235 1/250
problem 5 5 5 5 29 29 37
fraction 103 = %7 + Yo

resolution | % Y40 Ya0 Yeaso

Yo Yia Yas Ver V1 Vs Vi

problem

32

32,33

THE SET OF PROBLEMS IN VAT. GR. 191, F. 261R: ANONYMUS J

Vat. gr. 191 is a late 13'™"-century manuscript in oriental paper; it is written by sixteen copyists, named
hands A to Q in recent scholarship, and it comprises several thematic and codicological blocks®.
Vat. gr. 191 is commonly (and wrongly) held to be a paradigmatic instance of a codex assembled by
cooperating copyists coordinated by a supervisor®’. Within the block made of the astrological col-
lection at ff. 229-286 (elsewhere penned by hand K alone), a page written by hand J is found: it is f.

% See TuryN, Codices graeci Vaticani 89-97; D. Bianconi, Libri e mani. Sulla formazione di alcune miscellanee dell’eta dei
Paleologi. Segno e Testo 2 (2004) 311-363: 324-330 and fig. 1; AcerBI — GIOFFREDA, Manoscritti scientifici 41—44.
5 For arguments against the standard view, see F. Acersi, Byzantine Recensions of Greek Mathematical and Astronomical
Texts: A Survey. Estudios bizantinos 4 (2016) 133-213: 192-195, and Acersi — GIOFFREDA, Manoscritti scientifici 30-34.
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261r, where the text is deleted by two long, crossed pen strokes. The beginning of the text at f. 261v
exactly fits the end of that at f. 260v; the text at f. 261r is a portion of a Rechenbuch and has nothing
to do with the text surrounding it, nor with anything elsewhere in Vat. gr. 191: thus, the presence of
hand J here, which however copied other parts of the manuscript, is just a matter of recycling paper.
This micro-Rechenbuch contains six problems; the last item ends exactly at the end of the page and
the verso of the folio was originally blank: the collection might well be complete. The typology is
as follows:

» Give-take problems: a, b, d.

» Casting lots by dice: c.

e The riddle of the ring: e.

e Sum of an arithmetic progression: f.

Here is the concordance table with Anonymi L, P, 1306, and V:

J a b c d e f

L 8,10, 11 8,10, 11 / 8,10, 11 / /

P / / 100 / / 111-112
1306 111.1%8 / / / / /

A% / / / / 38 /

The six problems in Anonymus J do not use unit fractions and display, as for particles and ad-
verbs, a slightly different lexicon from that of Anonymus L: reading the texts and going through the
word index in the next section will make this characteristic apparent. With respect to Anonymus L,
noteworthy features are the more frequent use of connexive Aowdv and the exclusive presence of the
adverbs o001c and mévtote, the compartmented lexicon for subtraction (kovgilw L vs. dpoipém J, the
latter with geminated lambda in aorist tense forms, and the term Voelpog), the use of téca for the
unknown (sounding so similar to Italian cosa and never used in other Rechenbticher, but it may be
sheer coincidence)®, and the participle ékpwvoduevov for an assigned number. The style of Anony-
mus J is more discursive, less rigidly algorithmic, eager to spell out general rules.

THEMATIC WORD INDEX OF ANONYMI L AND J

This word index is also intended as a glossary to the translation; | have tried to follow the principle of
translating different terms in Greek with different terms in English, even if the rich preverbal system
ancient Greek avails of sometimes makes it impossible to establish a one-to-one correspondence—
and even if the outcome is at times bizarre™. It might have sounded bizarre to such ancient Greek ears
as Hero’s, too, for the Metrica displays a remarkable lexical uniformity in this respect™. The wide,
and sometimes slightly bewildering, range of prepositions used to mark the second operand of an
operation coincides with that of Anonymus P2, Forms in restored clauses are marked by an asterisk.
The problems in Anonymus L are numbered from 1 to 48, those in Anonymus J from a to f.

& This is item 1 of the section of Anonymus 1306 I have called above péfodot kafolikai.

& | thank J. Heyrup for a discussion on this point. The term cosa for the unknown does not seem to be used before Jacopo da
Firenze’s Tractatus algorismi of 1307. Note, however the use of t6coa in AP XIV.144.

0 There are also some English neologisms; see the following section.

1 See Acersi — VITRAC, Héron d’Alexandrie 74-81.

2 See VoceL, Ein byzantinisches Rechenbuch 141-143, and compare with the discussion mentioned in the previous footnote.
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Non-lexical items

Numerical entities. ap1Opog: number (3-5, 44, b—e); dexdc: decad (e); éntdg: heptad (¢); porriov:
mallion (38); uépog: part (4-6, 44, 46); povac: unit (13—17, 32, 38); ovdév: nothing (45); mcoboud-
prov: further part (38); otepedc: solid <numbery (38); eovr|; denomination (5, 32, 34, 38, 44); yildc:
thousand (e); ynoeiov: counting-unit (28, 31); yfjpoc: part (38).

Unknown quantities. 6cog: what, how much, as much (6, 36, 39, c, e); moco6v: quantity (31);
nocog: what, how much (4, 4, 7, 8, 10-12, 16, 21-23, 25, 27-29, 34-36, 39, 40, 42-44, 46, 48, f);
to10070¢: such (36); tdcog: such-and-such, such (b, f); tocodtoc: such (6).

Operations

Addition. éravolappdve ri: to take up in addition on (39); piyvout: to merge (38); opadevm: to
collect (38); opdg: collection (3); moéw followed by a conjunction: to do (12, 37); mpootibnu &ig,
éni: toadd to (1, 2,7, a, a*, c, e, f); tibnu &ic: to set to (26).

Subtraction. aipw ék: to raise from (d, €); dpopém: to remove (f); ékParlm: to take away from
(a); érnaipw: to raise (40); xoveilw £k, gig: to subtract from, to (7, 19, 26, 37, 43, a*); Veopéo &k,
and: to remove from (37, ¢, €); vpetipdg: removal ().

Multiplication. davaioufavo &ic: to take up on (9); EmavoPaive gic: to mount on (5); émPdAiw:
to put upon (31); moéw £, gig: to do by, into (1, 2, 4, 10, 12, 13, 19, 20, 25, 26, 28-30, 33, 33, 36,
42-44, 46)7; modamlacialo éni, gig: to multiply by, into (14, 15, 17, 18, b, f); moAaniaciacpdc:
multiplication (31, b); moAvtAacidlw &ri: to multiply by (33).

Multiples. éra&: once (19, 20); dexamracialw: to decuplicate (c, e); dekamiaciacudc: decuplica-
tion (c); dexomhow: to decuplicate (3); duthalm: to double (c, e); dumhdoiog: the double (d); dumAdg:
the double (b); sumAdog: twofold (8); dumthdw: to double (3, 25, 45); dwdekanracidlw: to dodecupli-
cate (d); eikocamlom: to twentuplicate (32); évvamiacialm: to ennuplicate (c); Evvamlacloouog: en-
nuplication (¢); é€amAom: to sextuplicate (40); tevramiacialm: to quintuplicate (c, d, e); mevramAd®:
to quintuplicate (c, d, e); tetpanioog: fourfold (11); tetpamidm: to quadruplicate (41); TputAacia-
opog: triplication (c); tpumAdog: threefold (10); tputdodw: to triplicate (3, 41, ¢).

Submultiples. dipopov: two-thirds (37); fjruov(v), fuco: a half (12, 12, a); moiéw + genitive: to
do of (5, 16, 44, 45).

Division. avolvo €ig: to resolve out into (3, 24, 28, 31); amoAd®: to resolve off (4, 5); émAdw: to
resolve (34); Moig: resolution (38); Mo €ic: to resolve into (2, 3, 13—15, 17, 18, 21, 25, 29, 34-36,
38, 46-48); uepilo €ic: to divide into (31, 37, b); moéw &ic: to do into (25, 33); cvykpive Tpoc: to
compare to (32).

Result. drmouévem: to remain (e); yivopar: to yield (1-2, 4-7, 9, 12-26, 28-30, 32-48, a, c, ¢);
(kato)Aeinm: to leave (out) (37, ¢, €); kotolpmndve: to leave out (c, d, €); Aowrdg: as a remainder (7,
19, 20, 26, 40, 43, 45); uévo: to remain (37, 40, 45); 6hoc: whole (3, 26, 46, c, e); opod: together (1,
2,4,5,12, 20, 25, 26, 28-30, 32, 33, 38, 40, 41, 4446, c, ); neprrtedo and: to remain over from
(c); moéw: to make (3, 13—17, 25, 26, 32, 34-36); (cuv)abpoilm: to put together (31, 38); cuvaywm: to
gather (2, 3, 5, 12, 26, 31, 32, 38); vmoleinm: to leave over (45); Omorowmoc: left over (45).

Proportionality. dvaidymg: in proportion (12, 41).

Factoring out. yvpev: circumvent (e).

Alloys. apyvpog: silver (25, 26); kepatiov: carat (5, 20-29, 47, 48); ypvoiog apyvpog: white gold
(21-23); xpvoiog: gold (26); xpvoog apy(vp)og: white gold (19, 20, 22, 23).

Recall that in this kind of texts an operation is frequently identified by the sole preposition. Multiplication may even be for-
mulated by mere juxtaposition of the factors, as in our probs. 1-4, 8-10, 18, 28, 30, 32-39, 39, 46, a, d, f. Probs. 19 and 20
have the phrase molodpev dmaé.

® Very frequently without a preposition, see the previous footnote.
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Currencies. fjuictov: semissis (12); kabopog: pure (29); vopicpo: nomisma (5-8, 10-20, 25-30,
47, 48); vooupiov: noummion (12, 45); tpayiov: trachion (41); tpyiiclov, Tpipicouv: tremissis (12);
xépoypo vopoupa: coined nomisma (19).

Interest. daveilom vVrEp/HTO TOKWV: to lend at interest (13, 14, 15, 16); didout: to give (15-18);
Aappavo: to take (13—16); tedeia Exatootn: full per cent rate (18); toxog: interest (13—18).

Lengths. ufitov, pidov: mile (43); otdoiov: stadium (39).

Pursuit. gicépyopat: to come into (39); mdnua: leap (44); mpos&épyopar: to set out before (39);
TPoKOTT®: to be in advance (44); tporapfdve: to be ahead (39, 43, 44); pbdavwm: to overtake (39, 43,
44).

Selling and buying. ayopdalm: to buy (12); akpoiov: first-fruit (27); Pactalm: to hold (7, 8, 10,
45, a, b, d, f); didopt: to give (40, 41, 45, 47); didou: to give (7, 8, 10, 11, a, b, d) in give-take;
énaipwm: to raise (22); émdidwpt: to give (b) in give-take; Epyopat: to amount to (25, 27); Aaupavem: to
take (19, 20, 24, 40, 45, 48, 1); Aappdavo: to take (6, 8, 10, a, b) in give-take; papyapita: pearl (28);
mapéym: to provide (45); mmpdokm: to sell (47); mpoteivw: to offer (10) in give-take; tiun: value (21,
24-26, 28-30); tipnua: value (31).

Weights. ypoupdv: gram (25-27); é€dylov: exagion (12, 19-24); xepdriov: carat (19, 25, 26, 28—
30); xepaticpdc: carat-value (31); kokki(v)ov: grain (28, 29, 30, 31), Altpa: pound (25, 26, 41, 42);
uédov: modius (47, 48); ovyyia: ounce (25-30, 32, 42); ovyywoudg: ounce-value: (31); otatnp:
stater (28); otévm: to balance (28-30).

Lexical items

Connectors, particles, and adverbs. aAid: but (8, 10, 11, f); ano: each (7, 8, 10, 26); Gpti: now
(45, ¢); avbig: anew (e); yap: in fact, for (25, 32, 46, d); eita: afterwards (3, b, d); énei: since (42);
€meldn: because, since (1, 2, 2, 12, 16, 18, 19, 25, 40, 44); iva: in order that (1, 2, 27); kai: also, o0
(3-6, 27, 28, 34, 38, 40, 41, 45, a, c); howov: finally (3, a, d, e); ouoiwc: similarly (3, 5, 6, 40, 45, a,
f); 6tu: that, as, because (6, 8, 10, 11, 28, 38—40, 41-43, 44, 46, a, c, ); obv: then (1-8, 10, 12, 16-28,
30, 32, 34-36, 38, 40,4246, 48, a, c—e); ovyi: not at all (8, 10, 11); méAwv: again (3, 5, 6, 37, 38, b—e);
npotepov: before (45); wc: so that, so as to, as (1, 3, 4, 8, 10, 19, 28, 29, 38, 39, 40, 42, 45).

Generality. dei: always (b, ¢); mévtote: always (b, e).

Initialization and winding up. arotifnut: to keep away (20); kpatéw: to keep (5, 8, 10, 11, 19,
38,40, b, ¢, e); AauPavo: to take (7, 20); Aéyw: to say (1, 3,4, 5,7, 8, 10-13, 16, 26, 39-43, 45, 467,
a, d-f); moiéw: to do (8, 9, 11, 26, 32, 34, 37, 39, 41, 42, 47, 1).

Metadiscursive: avapdptnroc: faultless (6); avotépm: above (11); droutém: to ask (3); Ppayvg:
short (34); yiyvbokm: to be aware of, to know (4, f); dfjlov: clear (38, 40); dniovott: clearly (3, 4,
27,39, 42); o ti: why (1, 2, 25, 42, 44, ¢); 610, t6 + noun or infinitive: because (of) (25, 42, 44, 48,
a); 31611 because (e); SmAdG: in two ways (27); idov: to see, to know (26, 38, e); ékpmvéw: to utter
(d); émepotam: to ask (1, 3); émdeikvoput: to show (34); Epwtdm: to ask (3, a, b, d); épdTnua: question
(a); épotnoig: question (24, 10, 11, 14-17, 20-22, 24, 26, 29, 30, 48, 1); edpiokw: to find (3-5, 25,
31, 38); evyepdda: easily (31, 38); ido0: there it is (7, 8, 10, 34, 40); iotéov: one has to know that (6,
28, 38); iotnu: to stand (6, 26); kovav: rule (3, 11, 25, 38); uébodoc: procedure (1-5, 8, 10, 12—16,
19, 21-29, 32, 33, 34, 36, 38, 40, 42, 43, 45, 46, a, b, d, f); vodw: to conceive (25, 27, ¢); olov: for
instance (38); obtw: in this way, thus (9, 36); obtwg: as follows, so (3, 8, 9, 26, 32, 34, 37-39, 41, 42,
44,44, 45,45, 47, d, f); coppdrim: to occur (31); cuvietnut: to conjure up (32); tovtéoti: thatis (19,
28, 31, 38); vmodeitemg yaprv: for the sake of (3, 27, 28); pépm: to convert (9, 31); priopabéotate:
you fondest of learning (38); priomovwg: industriously (38); yijpoc: calculation (1, 5, 6, 13, 19, 25,
27, 28, 31).
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Modalities and imperativals. ineiv: say (5, 26, 41, 42); yp1j: one must (47, 40); o@eilm: ought
to (6, 13-15, 38, 48, c-e).

Particulars. péAlo + infinitive translated with conditional (46); tpocédnke (perfect tense): turns
out to add (1, 2); o¢ mpodg strengthened preposition (28, 30).

Pronouns. apgdtepoc: both of them (7, ¢); éxeivoc: that, that guy (3, 31); —mep: indeed (3, 5, 27,
38, 43, 45); ovtoc: this (3, 4, 5, 12, 22, 23, 24, 25, 28, 29, 30, 32, 38, 40, 41, 45, 47, b, f); t1: some-
thing, what (3, 5, 13-20, 24, 26, 32, 37, 41, 45, 47); 11¢: someone, some (1, 3-5, 7, 8, 10, 12, 13, 16,
39, 43, 45, 47, a, b).

PRELIMINARIES TO THE EDITION

The Greek text is generally edited as it stands, the exceptions mainly concern numerals; the expected
reading is given in the apparatus; forms that are aberrant in classical Greek are kept in the main text.
I have rigidly conformed to the conventions of the manuscript as for the accent of enclitics and as for
the presence of movable ny and sigma. Deletions are included in square brackets and are usually not
translated; restitutions—which include some rubricated initial letters—are between angular brackets
and are translated. If the text has a lacuna that cannot be supplied with reasonable certainty, | have
refrained from doing this, while explaining the issue in the commentary associated with the problem.
I have transcribed the Greek numeral letters representing cardinals as simple letters, those represent-
ing ordinals (that is, the denominations of fractions) by putting a desinency at the exponent of the
numeral letter, thus: y°v “a third”; no apices are introduced. When the denomination is indicated in
the text by doubling the numeral, I have written yy* “thirds”. The fractions %, and % are noted « and
oy, respectively.

My edition normalizes the punctuation: in a technical treatise, there is really no point in adhering
to Byzantine conventions in such matters. Within the procedure or the proof of a problem, consecu-
tive steps of the algorithm are separated by an upper point; a hiatus is marked by a full stop; com-
mas are only introduced when ambiguities might arise, and sometimes to separate the result of a
multiplication from the two factors™. The title system of Anonymus L, always penned by the main
hand, is usually located in the margins of the manuscript page; | shall not indicate this feature in my
apparatus, but enclose such titles in brackets with the indication “marg.”. Anonymus L also carefully
marks the articulation enunciation-procedure-proof in each problem by means of rubricated, majus-
cule initials.

The reader will forgive me for the weirdness and artificiality of my translation. For uniformity’s
sake, | have coined such words as “to twentuplicate”; by contrast, some terms are simply transliter-
ated. Integrations occurring only in the translation are enclosed by smaller angular brackets. The pro-
cedure and the proof are punctuated as follows: a colon preceds the statement of a result; a semicolon
separates steps in which the output-input chain is not interrupted; a full stop indicates an algorithmic
hiatus and precedes the final winding up, where the solution is identified as such.

In the commentary, I have provided specific mathematical information about each problem, as well
as an algebraic transcription of the procedure adopted, under the headings Equation and Algorithm.
The latter is intended to represent faithfully the algorithmic flow of the procedure: steps in which the
output-input chain is not interrupted are linked by an arrow; the operands in a given step are written
in the same order as that in which they are introduced in the text’®; the sign | separates independent
results within one and the same step (that is, a branching has occurred); a full stop indicates an algo-
rithmic hiatus. This symbolic transcription tends to eliminate the result of each operation, but | was

"4 These are a part of the recommendations in Acersi — Vitrac, Héron d’Alexandrie 98.
s If two consecutive steps formulate the same operation, the algorithm only reproduces the first.
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unable to do better. Both Equation and Algorithm generalize, by introducing schematic letters, the
paradigmatic example contained in the text. To see how my algorithmic transcription works, take
for example prob. 1, where one reads “Equation. x + (a/b)x = k, with (a,b,k) = (1,7,12). Algorithm.
(a,b,k) — bk — [1/(b + a)]bk = x”. This means that the intended equation is x + (*;)x = 12 and that the
algorithm is 7x12 = 84; [%;.1,)]*84 = 10 %,. Commentaries on a string of similar problems are usually
provided on the occurrence of the first of them.

Each problem is numbered. After the number I have indicated within brackets problems in other
Rechenblicher that appear to be (nearly) identical to the one at issue; the absence of any such problem
is denoted by three asterisks ***. | refrained from listing sets of similar but not identical problems
in other Rechenbdicher, for they can be found immediately by means of the typologies mentioned in
note 59 above. | have instead systematically provided references to such problems in the Papyrus
Achmin and in AP XIV.
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EDITION, TRANSLATION, AND COMMENTARY OF ANONYMUS L
Laur. Plut. 86.3, ff. 165r—=169v

1

[= Anonymus P, no. 62 = Anonymus 1306, item 1 of ymeupopika TpofAnuoto Tavo dQEAN U]

[[1651] yijpog TV OpdV.

TiG TIvaL EMEp®TQ- ol £0TIV Bpa; Aéyel TOV TapeABovo®dv dpdV Tpodcheg 10 (Y, tva TANp®Of 1
Nuépa, kal avtn éotiv 1 Gpa.

uébodoc. 'Enedn (¥ mpocébnke, moinoov £ 1B md- (S1d i 8¢ £mi dmdeka; £metdn 1) Nuépa 1 Eotiv
OpAV-) TO N TdV TS (518 Ti 58 TO N°; merdn Y mpooédnkev, & dotv 1 (%) yivetan odv TO N TdV
73, 1 2. £6TIV 0OV 1 & dpa- Tpdceg 1O ¥ TV 1 & yivetar o® =+ dpod yivovron 1.

ATOdeIELS. TO &Y T@V v yiveTor o ¢ £ 10% K. Kol 1O (' 10D - yivetan 13°77- OHoD o L+ Ko U L+
yivovtou 1. E6Tv 0OV, (G elmopev, Hpo. 1 .

Calculation of hours.

Someone asks someone: what time is it? He says: add % of the past hours in order that the day be
completed, and this is the time it is.

Procedure. Since he turns out to add %, do 7 <by»> 12: 84; (and why by twelve? Because a day is of
12 hours;) % of 84; (and why %4? Because he turns out to add ¥, which <yielding» is %;:) then Y4 of 84
yields 10 %. Then it is 10 % o’clock; add % of 10 Y%: it yields 1 %: together they yield 12.

Proof. % of 10: it yields 1 %5 ¥4 %14 ¥o1. And ¥4 of %5 it yields Y4,: together 1 %; and 10 %,: they yield
12. Then it is, as we have said, 10 ¥, o’clock.

Problems 1-2. An unknown number plus a part of itself yields an assigned number. The setting of telling the
hour is a classical one: cf. AP XIV.6, 139-142. In both problems, the procedure is followed by two computational
checks that the found number actually solves the problem; the second is more detailed than the first. Equation.
x + (a/b)x =k, with (a,b,k) = (1,7,12). Algorithm. (a,b,k) — bk — [1/(b + &)]bk = x.

2

[= Anonymus P, no. 63 = Anonymus 1306, item 2 of ynoipopikd tpofAnpatae wivo 0QEA L]

AAMN® épdnoig.

Tav tapeABovc®dv dpdv Tpodcheg ¢ M, tva TANpwOT) N Huépa, Kai adtn 1 dpa otiv.

‘H puébodoc. Enedn ¢ m® mpocébnke, moincov O 1ff- yivovtal pn: koi Aboov &ic - (d1d Ti ¢ €ig
gvdeka; €meldn ¢ m® mpooébnkev, & dottv 10 00*) yivovrar ovv TO 10 TdV p1, 0 = 5% KB ud°.
gioiv Opot 0 = 5 kB ud»- <mpdoeg 10 ¢ M TdV 0 2 & kB ud»-> yivovran B 1B kB Ay ud*:
opod 1.

H anodei&ig. To ¢ tdv 0 yivetar o L. kol T0 M T@v 0 £ 6pod yivetou B. kol 0 ¢ M Tod 4
O KB o+ yiverar B kB Ay pd. kol to ¢ M tod L+ yivovton 8. kol To ¢ M Tod 6% yivetan
m®. kol 10 ¢ m® tod kP yiveton 90, kol 0 ¢ M TOod P+ yiveTan pon®¥ opov yivovtan 0%
00% pon®- yivetar B kP Ay® ud®. 10 6% @V Q- yivovrtal 1. kol TO M TOV 00 yivovio € L. TO

76 1L
v T[BOV L
s Adho ) L
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00% @V 90" yiveTat a. TO peN®’ T®V 90 yiveTor L Opod ). m &g 9O~ 1B KB Ay ud*- 18, n 8- kP,
& = Ay, 7 ud, B 8 cvuviapey ). giciv oDV Gpot O = 8% KB ud.

In another way the question.

Add ¥ ¥ of the past hours in order that the day be completed, and this is the time it is.

Procedure. Since he turns out to add % %, do 9 <by> 12: they yield 108; and resolve into 11; (and
why into eleven? Because he turns out to add Y% Y45, which <yielding> is %4:) then Y4, of 108 yield 9
Vo Va o2 Yas. Then it is 9 %, ¥, Vs, Yy 0’clock; <add ' 715 0F 9 ¥, V, 72z Yas> they yield 2 Vi, Voo Vas Vaa:
together 12.

Proof. % of 9: it yields 1 %. And %5 of 9: %: together it yields 2. And % Y45 of ¥, ¥, Yo, Y44 it yields
Yio Yoo Yas Yas. And Y5 Y35 0f Y52 they yield 6. And Y Y45 of Y it yields ¥ig. And Y5 Y4 Of Yoy it yields Y.
And ¥ Y15 of Y4, it yields Yigs: together they yield ¥, ¥ig Yoo Yaes: it yields ¥4, Y5, Yas Vis. ¥ 0f 99: they
yield 11. And Y35 of 99: they yield 5 %,. %, 0f 99: it yields 1. % 0f 99: it yields Y: together 18. 18 into
99: Vi, Voo Va3 Yis 12, 8Y; 22,4 Y,; 33, 3; 44, 2 Y, we gathered 18. Then itis 9 ¥, ¥, ¥4, ¥, 0’clock.

Problem 2. The final check contains a further check, to the effect of proving that two sums of unit fractions are
equal. Note the final list of parts of 99. A step was omitted by saut du méme au méme. Equation. x + (a/b)x = k, with
(a,b,k) =(2,9,12). Algorithm. (a,b,k) — bk — bk/(b + a) = x.

3

[*** = Anonymus 1306, item 3 of ymeipopikd mpoPAnpata mavoy o0@éAnua; cf. Anonymus J, no.
c, €]

AMAN €pOTNOIG.

Hpmtoe tig Tva moig dpa évebounon ti mpaot.

‘H pébodog. mapackevale TOV EmepmT@dVTa, vIep dGpav Eveboundn, SmAdcal avTny mop’ EavTtd,
Kol To SumAmBEVTO TPIA®G L, Kol TO TPUTA®BEVTA TEVTOTADGOL, KOl TG TEVTOTAMBEVTO SEKOTADOL,
Kol £pOTMOUEVOG Tapd 6od TV cuvayBeicav opdoa eineiv kai tote TadTa Tapd ceavTd AdE €ig T T,
Kol oKOTEL ol Apud’™ dnnpticOn, kai evpioeig v dpav fvaep Evebounon.

VodeiEemg xapv, |[165v] Evebounon tic tpitnv dpav. drortovpevog mopd 6od SIMADCHL 0VTHV
TOWET ¢, eltol TPIAGGOL TadTo TOIET 1), TAAY TodTa TEVTOMAGGAL TOLEl 9, Opoimg TodTa SexomAdoat
ouvii&e Aomov ta OAa N TadTo EKEaivovTog Ekeivov dvaive o gig T obTmG: TplakdGLot Tpia: - Mg
dhovott Tpitn dpa dveBounn i Torfoat. TOVTE 0V Td KoVOVL AKoAoVODY ThGAC HPOG EVPNGELC.

Another question.

Someone asked someone at what hour he intended to do something.

Procedure. Contrive the asker, that hour he indeed intended, to double it within himself, and to
triplicate what has been doubled, and to quintuplicate what has been triplicated, and to decuplicate
what has been quintuplicated, and asked by you to say the gathered collection, then also resolve these
into 300 within yourself, and look at what number was completed, and you will find exactly the hour
that he indeed intended.

For the sake of example, someone intended the third hour. Asked by you to double it he makes
6, afterwards to triplicate these he makes 18, again to quintuplicate these he makes 90, similarly to
decuplicate these he finally gathered the whole 900; once that guy makes these manifest, you your-
self, resolve out into 300 as follows: three hundreds <by> three: 900; so that clearly he intended to do
something in the third hour. Then by following this rule you shall find all hours.

™ podue L
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Problem 3. A simple riddle in which the sought number is multiplied by a series of factors, whose product is
cut off as a whole by the solver; asking the hour is just a pretext: no connection with probs. 1 and 2. Equation.
axbxcxdxx =k (the sign x denotes taking multiples), with (a,b,c,d) = (10,5,3,2) and k = 900. Algorithm. (a,b,c,d,k)
— k/abcd = x.

4

[= Anonymus P, no. 64; cf. Anonymus V, no. 27]

AMAN €pMOTNOIG.

Aéyer Tic KI6TéPVa 0TIV EYOVGA KPOLVODG - O £1C KPOLVOG TANPOT o TRV S1dL pudig dpog, 6 B St
B, 6 7 10 TPIBV DPDV. TV TPIBYV 0VV OUOD APEDEVTOV S18 TOONG HPAC TANPODGLY ADTHYV;

‘H pédodoc. "Eme1dn d1d pudg xoi B kai y einev opdv yepilew Todg kpouvodg TV KIGTEPVAY, (PN
gOPETV TOV APOUOV TOV ATOADOVTOL & Y- EGTIV 0DV G TOLODUEV OVV C 0 ¢ KO TO & TdV ¢ 7. Kai
T0 Y T®V ¢ B+ Opod yivovtot o ¢ &ig o yivetar £ KB+ dg SNAOVOTL TOV POV OHOD EMPEOVIMV
YepoDoL THY KIGTEPVAY S18L DpdV = KB, yv®OL 0dV Kai ToDTo, EKUGTOC KPOLVOS TOGOV HEPOC TANPOT
TG KIoTéEPYNG: O Yeuilmv St pidg dpag TANPOT ThG KIoTEPVAG HEPOG L KB, 0 6 S1a B dpdV TANpDV
avTV yepilel pépog 8 pd®, 6 6¢ dd TPLOV Yepilwv otV AToAVOUEVOS GOV TO1G GALOIS SVGT KpOov-
voic TANpol TG KIoTépvng HEPOg 1 kB Ay uo®.

Another question.

Someone says there is a tank having 3 springs; the one spring fills it in one hour, the 2" in 2, the
3" in three hours. Then the three being allowed to release together, in how many hours do they fill it?

Procedure. Since he said the springs fill the tank full in one and 2 and 3 hours, one must find the
number that resolves %, Y4 off: then it is 6; then we do 6 <by> 1: 6; and ¥, of 6: 3. And ¥ of 6: 2: to-
gether they yield 11; 6 into 11: it yields % Y,; so that clearly, the three flowing together, they fill the
tank full in % %, hours. Then be also aware of this, each spring what part fills of the tank: the one
filling it full in one hour fills the ¥ %, part of the tank, the one filling it in 2 hours fills the ¥, ¥, part
full, the one filling it full in three, once resolved off with the other two springs, fills the Y4, %5, Y3 Y4
part of the tank.

Problem 4. The classical problem of the tank filled by several sources; it amounts to a proportional partition of
the unit; see the commentary on prob. 5. The givens are the same as AP XIV.133, 135. Equation. x/a + x/b + x/c = 1,
with a:b:c = 1:2:3. Algorithm. (a,b,c) — abc — abc(1/a) = bc | (1/b)abc = ac | (1/c)abc = ab — bc + ac + ab — abc/
(bc + ac + ab) = x. The parts of the tank filled by the three sources are stated to be x/a = bc/(bc + ac + ab), x/b = ac/
(bc + ac + ab), x/c = ab/(bc + ac + ab), respectively.

[= Anonymus P, no. 71]

{marg. yfpoc T®v VOUGUATOV}

Tig tehevT®V KOTEAEE TPETG VIOV 400G aOTOlC vopiopata ph, kol T® pev TpoOTe cloce Yo pé-
pOG, T® O B* 6%, T@ O€ y* €. gimelv Tl EKAGTE AVTOV APUOTTEL EK TOV PO VOUCUAT®V.

‘H né00d0g. Xp1) e0peiv TOV dptOpdv Tov amoldovTa Tig pmvag, 8¢ oty 6 E. 10 ovv 1 8% £ TdV
& yivetan p, Bmep kol Aovst TV yiigov. moincov ovv o Y Tév & yiveton k- Td K &l T pO- yiveton
Ppm- todTOV TO Pl yivetan vopiopato PG Kepatio 68 0 ¢ pul” onf. dpoing To 0% TdV & yiveTon
1€ T 1€ €mi T pO vopicpata: yivetar oyAe: To0TOV TO Pl yivetol vopiopoto Ad KepATLO 1 £ 6% N
00% pmn®’ <10g°">. 10 [¢* KOl T0] € T®V &* yivetar 1B+ ta 1 €mi td pO vopiopota: yivetor atn: tov-
TV 10 P yivetal vopicpota kK kepdtio 10 L v 1€ &% oAe®. Opod cuunyOnoay vopicpoto <po>.
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"AM g 1 néBodog. kpdtet y Kol 6 kol € yiverar if- moiet® 1o 1B tdv po®- yiveran 6 - o 6 1B
gnavafo? gig to tpio- yiveton k{ 8%, <kai ta 0 1B énavafa €ig 8- yiveton Ag y*'.> kol wdAw ta 6 15
gmavaPa gig & yiveton pe 6% ¢ opod cvpnydncav vopicuata po.

Calculation of nomismata.

Someone dying left three sons bequeathing 109 nomismata to them, and he bequeathed a 3 part
to the first, a 4" to the 2", and a 5" to the 3. Say what is due to each of them of the 109 nomismata.

Procedure. One must find the number resolving the denominations off, which is 60. Then ¥, ¥, %
of 60: it yields 47, which indeed also solve the calculation. Then do ¥%; of 60: it yields 20; 20 by 109:
it yields 2180; ¥, of these: it yields 46 nomismata and 9 ¥; ¥,; Y4, carats. Similarly ¥, of 60: it yields
15; 15 by the 109 nomismata: it yields 1635; ¥, of these: it yields 34 nomismata 18 %, ¥, Y4 Y%, ¥ies
<Yy carats. ¥ of 60: it yields 12; 12 by the 109 nomismata: it yields 1308; ¥, of these: it yields 27
nomismata 9 ¥, ¥4 %5 Y, Y4ss carats: together <109> nomismata were gathered.

In another way the procedure. Keep 3 and 4 and 5: it yields 12; do ¥, of 1<0>9: it yields 9 ¥,;
mount 9 %, on three: it yields 27 %,. <And mount 9 ¥, on 4: it yields 36 “5.> And again mount 9 %,
on 5: it yields 45 ¥, %: together 109 nomismata were gathered.

Problems 5, 12, and 41. Problems of proportional partition. Similar problems in Papyrus Achmin, nos. 3, 4, 10,
11, 13, 17, 47-49. In prob. 5 there are two solutions, according to whether the proportional parts are given as parts
or as integers, respectively. Ambiguities of this kind can arise in the Greek numerical notation, as the system of
signs discriminating cardinal and ordinal numerical letters (if any system is used) is unstable and prone to copying
mistakes. It is likely that the double solution was conceived exactly as a reaction to this ambiguity. Add to this that
the wording of the partition is a paradigmatic example of a formulaic clause whose meaning is different from its
literal reading: the assigned parts are not the fractions of a whole (they do not add to 1), but the terms of the ratios
between the assigned portions of the whole. A mere check-clause is provided at the end of both solutions. In probs.
12 and 41, only the solution for integers is provided. Recall that 1 nomisma = 24 carats: thus, in the final calculation
of the unknown number in each subroutine of the first solution, a rescaling must take place to carats of the residual
fractional part of a nomisma; such residual fractions are *¥,;, %%, and %, respectively. A step was omitted by
saut du méme au méme. Note the verb form éravdapa. Solution 1. Equation. 1/x + 1/y + 1/z = k and x:y:z = a:b:c,
with (a,b,c,k) = (¥4,%,%,109). Algorithm. (a,b,c,k) — abc — (1/a + 1/b + 1/c)abc. (1/a)abc — [(1/a)abclk —
[(1/a + 1/b + 1/c)abc][(1/a)abc]k = x | (1/a)abc — [(1/b)abc]lk — [(1/a + 1/b + 1/c)abc][(1/b)abc]k =y | (1/c)abc
— [(1/c)abclk — [(1/a + 1/b + 1/c)abc][(1/c)abc]k = z. Solution 2. Equation. X +y + z = k and x:y:z = a:b:c, with
(a,b,c,k) = (3,4,5,109). Algorithm. (a,b,ck) > a+b+c—[l/(a+b+c)]k —>[l/(a+b+c)lka=x|[1/(a+b+c)]
kb=y|[l/(a+b+c)]kc =2z

[***]

{marg. dAAoc}

Totéov émi ti|g dtavouig T@v po vopucpdatov 6t 0geiiet 10 Y vmepEyey Tod Pev 8 ¢ Tod o8 e
1B «®. duoimg Kai TO 8 dgeilel Vmepéyety Tod £ k®. doov 0OV pépog |[166r] yivetar O 8 tod y*
T060VTOV HEPOG KOl TAL V¥ TV 0, Kol Ay doov Lépog yivetat to £ Tod 6°° TosodTOoV YiveTor HéPOg
Kol T 8% T@V 2.8 yp1) 0OV 10 peilov pépog (fyovv T y*) AopPavery mévte vopicpora O 8& pécov
<(fjyovv 10 6%) & 10 8¢ EhatTov> (Tyouv TO £%) V. Kai Totatal O YijQpog avaudpTnTogs.

8 mowei L

L

8 sic L

8 koiL

8 marg. oipan i GOAALEL
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In another way.

One has to know that, in the distribution of the 109 nomismata, ¥; ought to exceed ¥, by %, and %
by %, Y. Similarly ¥, ought also to exceed ¥; by Y4,. Then, what part yields ¥, of ¥, such a part also
yields Y5 of ¥, and again what part yields ¥ of %, such a part also yields ¥, of %. Then the greater
part (namely, ¥5) must take five nomismata, the middle <(namely, %) 4, and the lesser> (namely, %)
3. And the calculation stands faultless.

Problem 6. Remarks on the fractions involved in the previous problem, first solution. Nothing is wrong, con-
trary to what the marginal annotation “I think something has gone wrong” asserts. A step was omitted by saut du
méme au méme.

[= Anonymus P, no. 72]

Aéyer tic 8Am- MaPe 10 (¥ OV Bactélm vopopdrov kol §0¢ 1o 8% dv Pactalelc, kol Exopev md
AG vopiopata. gimelv p1 anod tocwv ERAcTalov VOUUGUAT®Y.

"Ene1dn ¢ koi § £lnov®, ko0e160v &k TiV Apeotépmv ae’ voc: Aotmd ¢ kol v- 10 ¢ tdv Ag yivetol
G KOOQLoOV €K TAV AS G Kol TPpOGHeS €ic TO AC TA G- ywsrou A, u[?) 10 y"V TOV PP yiveton 10 Kovt-
cov &Kk TdV PP o 18 Kol Tpdcheg eic To A+ 150D pud kai Kkn. elyev ovv O gl¢ vopiopato pd koi 6 SALOg
vopiopoTo K.

‘H dnddeiéig tiig yneov: 1o £ tdv kN 8- S0¢ T & T Exovtt o ud, Koi Exet O €1 un kai 6 GAAOC
k0. 600G TO 0% T®V un (ta 1B) T® EYOVTL T KO, Kol 00V AUPATEPOL EYOVGLV GO AC VOUIGUATOV.

Someone says to another one: take % of the nomismata | hold and give %, of those you hold, and
we have 36 nomismata each. One must say how many nomismata they held each.

Since they said 7 and 4, subtract one each from both of them: 6 and 3 as remainders; % of 36: it
yields 6; subtract 6 from 36 and add 6 to 36: it yields 30, 42; %4 of 42: it yields 14; subtract 14 from
42 and add <them> to 30: there it is, 44 and 28. Then the one had 44 nomismata and the other 28
nomismata.

Proof of the calculation: ¥ of 28: 4; give 4 to the one having 44, and the one has 48 and the other
24. Give ¥, of 48 (namely, 12) to the one having 24, and there it is, both of them have 36 nomismata
each.

Problem 7. A give-take problem with assigned exchange-fractions and equal, and assigned, final amount. One
must intend that the second act of the give-take transaction takes place after the first is performed. A final check is
provided. Note the distributive amd. Equation. x + y/a— (X +y/a)/b =k, y —y/a + (x + y/a)/b = k, with (a,b,k) = (7,4,36).
Algorithm. (a,bk) > (a-1,b-1) = [1/(a- 1)k — k£ [1/(a-1)]k = {[1/(a — 1)](ak — 2k), [1/(a - )]k} — [1/
(b-D[/(a-1)]k - k+[1/(a-1)]k F [1/(b— D][1/(a-1)]k = (y,x).

[***; cf. Anonymus L, no. a, b, d]

"AM\og Tig Aéyet Tvi- mhpeoyé pot & vopiopota € ov Paotalels, kol Exm Sumhd cov. Aéyel 6 dAloc:
oVyi, GAAG §6¢ pot & vopiopato avtog &€ OV Bactalels, kai Eyopev iome. mdoa vopicpoto EPactalev
0 €i¢ xai moca O GANOC;

8 expect. gine
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‘H ué00dog. Ene1dn Suthd. eine, kpdnoov € xoi {. kol &t ine 8 vopiopoto dodvar GAARAOIG, Toi-
noov obtwg. § & k- kol & £+ kn. EPdoTalev ovv 6 €ic vopiopata k1 Kai 6 EALOG K.

‘H dnodeiéic. 50¢ &k TdV K vopsudtov § ¢ Exovtt T K, Kai &xel 0 £ig vopicuata AP kol 6 dAlog
1G. 1000 S1mAd APt EkaoTOG TAL EAVTOD K Kol K1). 000eL O Exmv Ta KN vopiopata 6 Td £XovTL Ta K, Kol
&yovotv oi 800 amd K5. idov Toa. EPdctalev, Mg einopey, O &l vopiouata k koi 6 dArog K.

Someone says to someone: provide me with 4 nomismata from those you hold, and I have twofold
as you. The other says: not at all, but give me 4 nomismata of those you yourself hold, and we have
equally. How many nomismata did the one hold and how many did the other?

Procedure. Since he said twofold, keep 5 and 7. And as he said they gave 4 nomismata to one an-
other, do as follows. 4 <by> 5: 20; and 4 <by> 7: 28. Then the one held 28 nomismata and the other 20.

Proof. From the 20 nomismata, give 4 to the one having 28, and the one has 32 nomismata and
the other 16. There it is, each of them takes twofold the 20 and 28 of their own. The one having 28
nomismata will give 4 to the one having 20, and the two have 24 each: there it is, these are equal. The
one, as we said, held 20 nomismata and the other 28.

Problems 8, 10, 11. Three give-take problems all solved in exactly the same way; prob. 11 does not work out
a (impossible) solution because it applies the underlying insight when it could not be applied (a textual problem
suggests that this drawback was perceived by some redactor or reviser). The exchange-amount and the final ratios
are given; one of them is always the ratio of equality. Long final check. The statement “each of them takes twofold
the 20 and 28 of their own” must not be taken at face value; it also occurs in the other give-take problems and must
be a formulaic clause. Cf. AP XIV.145, 146. Equation. (x + a)/(y —a) =k and y + a = x — a, with (a,k) = (4,2), (4,3)
in probs. 8 and 10, respectively. Underlying insight: take the least numbers (r,s) such that r =s + 2 and (r + 1)/
(s—1) =k, k=2, 3 (probs. 8 and 10, respectively); then rescale 1 to a and (r,s) accordingly: so that (r,s,k) = (7,5,2),
(5,3,3) in probs. 8 and 10, respectively. The trick works with integer numbers only if k = 2, 3; it cannot work in the
case of prob. 11 (k = 4), which in fact does not present any solution. Algorithm. (a,k) — (r,s)i—as=y|ar=y.

[= Anonymus P, no. 73]
A € xoi 0 cvomnoompey dvopa. Kdvov Exet yneovg 39. moiet obtwc. £ gt 0§ &y 10 &y tdV
CT- yivetar pr ta p avaraPe €ic 0 0 p- . 0Ot eépet 10 dvopa Kovav da C kai 0.

We shall build a name by means of 7 and 9. “Conon” has digits 990. Do as follows. 7 <by> 900:
6300; 9 <by> 7: 63; ¥, of 6300: it yields 100; take up 100 on 9: 9 <by> 100: 900. In this way the name
“Conon” converts by means of 7 and 9.

Problem 9. A problem of onomatomancy. The Greek word Kévwv has digits 990 because 20(k) + 70(0) + 50(v)
+ 800(m) +50(v) = 990. The rest of the text is pointless as it stands (it amounts to multiplying and dividing 900 by
63), and 90 appears nowhere. Maybe we should correct one of the two 0 into a ¢. For Greek onomatomancy, possibly
in question here because of the reference to 7 and 9, see P. Tannery, Notice sur des fragments d’onomatomancie
arithmétique. Notices et extraits des manuscrits de la Bibliothéque Nationale 31 (1886) 231-260, repr. Ip., Mé-
moires scientifiques IX. Toulouse — Paris 1929, 17-50, and O. NEUGEBAUER — G. SaLiBA, On Greek Numerology.
Centaurus 31 (1989) 189-206.
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10

[***]

AN €pOTNOIG.

Aéyer tic 1 dAe- 36 pot €€ v Eyeig vopiopata 5, kai Exm 6ov TPA. 6 SAAOC: oDy, GAANL SOC
pot 9, xoi &yopev icwe. amod tocwv ERdctalov;

‘H pébodog. ’Enal&‘] TPIMAGL Eimte, KPATEL Y Kad €. Kol 8Tt TE6oapa TPOETEVE, Toincov & ¥+ 1B Kkoi &
&' K. §paotalev ovv vopicpora 1 Koi 6 aMog K.

80¢ &k T@®V 1B & 1@ ExovTi Td K, Kol Exel O €ic vopiopata k& kai 6 dALog 1. 160V Tpurhd Adfovci®
Ta. {010 1B Kol K. dMGEL O sxcov T0 K vopiopato o T £xovtt ta 1, kal Eyovoty ol dVo Amo 6. 100V ica.
glyev ovv, m¢ elmopey, O €ic 1B kai O FALOC K.

Another question.

Someone says to another one: give me 4 nomismata from those you have, and | have threefold as
you. The other: not at all, but give me 4, and we have equally. How many <nomismata> did they hold
each?

Procedure. Since he said threefold, keep 3 and 5. And as he offered four, do 4 <by> 3: 12; and 4
<by> 5: 20. Then he held 12 nomismata and the other one 20.

From 12, give 4 to the one having 20, and the one has 24 nomismata and the other 8. There it is,
they take threefold their own 12 and 20. The one having 20 nomismata will give 4 to the one having
12, and the two have 16 each. There it is, these are equal. Then the one, as we said, held 12 and the
other 20.

11
[***]
{marg. (’iMm EPOTNOIG}
Aéyer 6 €1¢ T® GAA®- 360G pot &€ OV Exelg vouwuaw d, Kol &ym ratpomka cov. 0 dAhoc: ovyi,

I[166v] dAlé S6¢ pot 8, ko Exopey Iomg. mdoa EkaoTog £lYeV; OTL TETPUTAN £leV, KpATEL § ¥ Ko By,
Kol TOiNGOoV KOTd TOV AvVOTEP® KOvOVa.

Another question.

The one says to the other: give me 4 nomismata from those you have, and | have fourfold as you.
The other: not at all, but give me 4, and we have equally. How much did each of them have? As he
said fourfold, keep 4 3 and 3 2, and do according to the above rule.

12

[***]

<P>fpog TdV E€ayimv.

Aéyet tig €Edya ydpaco vopicpatog Kol Nuciov [kai] kot tpiuciov. [pOAANG v.] TOG0L TO VO-
piopa, Técov 10 feo, TOGOL TO TPIGIOV AVaAGY®G;

‘H pébodog. Ioincov kd kol 1f kol n- yivovror pd. ta ud ADovct Ty yieov. EXEdN pK AETTOV
nyopdodnoev 10 £€ayta, moincov K &mi pK- yivetoan Pon: To0TOV TO Po®- yivovtan & v w0 Ay,
Kol 1f €ml pK- yiveTow ovp: TOVTOV TO U yivovtal A y*¥ 6% 1o Ay ud®. kol n €mi pk- yivetol
& 00TV TO P yivovton ko & 8% kB ud® opod pK. EGTIV 0DV TO VOMIGHO VOuupioy EE 7Y 10

8 sic L
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Ay, kol 10 fruov vooupio AP vV <> 10 Ay®¥ ud®, kai tpipucvy vovupio ko 4 6% KB ud®: opov
cvvnéapev vooupio px.

Calculation of exagia.

Someone says | bought exagia of a nomisma and semissis and tremissis. How much the nomisma,
how much its half, how much the tremissis in proportion?

Procedure. Do 24 and 12 and 8: they yield 44. 44 solves the calculation. Since the exagia were
bought at 120 parts, do 24 by 120: it yields 2880; ¥, of these: they yield 65 Y5 ¥, ¥%43. And 12 by 120:
it yields 1440; Y, of these: they yield 32 Y5 ¥, ¥4, Y43 Yas. And 8 by 120: it yields 960; ¥, of these:
they yield 21 ¥, Y, ¥, Y, together 120. Then the nomisma is of 65 ¥; ¥, ¥%; noummia, and its half
32 Y4 <Y,> Y4, Y4y Y4 noummia, and the tremissis 21 %, ¥, %, ¥, noummia: together we gathered 120
noummia.

Problem 12. See the commentary on prob. 5. A problem of proportional partition, with mere check-clause at the
end. It is not easy to find a reason for the presence of poAing y “of 3 folles” in the enunciation, as it does not figure
in the subsequent computations. Maybe, together with the previous kai to be expunged, it is a misplaced and misread
gloss ¢ poAAels v, where we have to suppose a further misreading of a sign for poALiS to a sign for plapéciov.
As a matter of fact, the follis was %, 0f a nomisma: Henpy, Coinage 26, and page 13 above. For the copper coin
vouppiov “noummion”, here apparently taken to be ¥, 0f an exagion, see Henpy, Coinage 28; for the noummion in
the Palaia Logariké, see Svoronos, Recherches 80, and references therein. For the names of a half and a third of a
nomisma, here affected by wild oscillations in spelling and the former largely disfigured, see the table edited on page
12. The problem is enunciated with fractional givens (a,b,c) = (1,%,%), but the procedure is initialized by an input
rescaled to (24,12,8). Equation. x +y + z = k and x:y:z = a:b:c, with (a,b,c,k) = (24,12,8,120). Algorithm. (a,b,c,k)
—at+bh+c.ak—ak/(a+b+c)=x|bk—bk/(a+b+c)=y|ck—cki(a+b+c)=z

13

[***]

{marg. yfipog ToK®V}

Aéyer tig vopiopoto p €6avelco Hrep TOKV unvov § émt & p. 1i Aafo;

'H uébodog. To p® 1iic povadoc: yivetar & 10 « t@v & yivetal A T A ti 010061 THG HOVAdOG;
<c®.> moinoov T vopiopato €l Tovg pijvac, 6 ot p €mi {- ylvetan y- koi ADoov &ig td 6° 10 6
TOV Y- yivetan 7 L. deele Aafelv 0 daveioag VIEP VOUIGUATOV p TOKOV €i¢ TOVG ( uijvog €mi p 1o
£ vopiopoTo 7 L.

Calculation of interest.

Someone says | lent at interest 100 nomismata for 7 months at %, per cent. What do | take?

Procedure. ¥y, of the unit: it yields 60; ¥, of 60: it yields 30; what do 30 make of the unit? <%y,.>
Do the nomismata by the months, which is 100 by 7: it yields 700; and resolve into 200; %4, of 700:
it yields 3 ¥. The lender of 100 nomismata at % per cent ought to take an interest of 3 % nomismata
for the 7 months.

Problems 13-18. Calculations of interest. Cf. Papyrus Achmin, nos. 26-28, 33-37, 44-46, where, however,
the temporal dimension is absent. The basic relation is {amount lent}{months}{interest rate} = interest. Probs.
13-15 and 17, 18 prescribe calculation of the interest, prob. 16 the amount lent, all other quantities being given. All
amounts are in nomismata. Probs. 15 and 16 are complementary. For the basic monetary unit (here, the nomisma)
being divided into 6000 parts, see page 12 above. With the exception of prob. 18, the interest rate is preliminarily
rescaled to a quantity such that the unit is 6000; the factor 100 in this number obviously derives from the stan-
dard per cent scale, the factor 60 accommodates for fractional interest rates. Preliminary rescaling. %,,,6000 = 60
— r60 — r60/6000 = Y. Equation. amr = i, the data and the unknown being in order from probs. 13 to 18,
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(a,m,r,i) = (100,7,%,x), (120,5,%,x), (100,12,%,x), (x,12,%,3), (100,12,%4,x), (100,12,1,x). Algorithm. Probs. 13-15,
17, 18: (a,m,r) — am — (Yigo)am = x. Prob. 16: (m,r,i) — (**%)i — (%)(*%)i = x.

14

[***]

AAMAN €pMOTNOIG.

'Eddveica vopiopato pk D10 TOKOV unvav € €l p 1o v*'. i AMaPow;

'H pébodoc. 10 p® tiig povddoc: yivovtor & 1o v 1@V &' yivetor K 10 K Ti 1010061 THS LOVAdOG;
1. ToAaTA0GIOcOV TG VOpUGHOTO €Tl TOVG pfjvag, O £€0TL pK &ml € yiveton ¥+ kol AVELS €i¢ TO T TO
™ T®V ¥ yivetal B. deede AaPelv 0 daveicag Hep VOUOUATOV pK TOKOV DIEP UNVAOV € p° TO v
vopiouata B.

Another question.

| lent at interest 120 nomismata for 5 months at %4 per cent. What do | take?

Procedure. ¥y, of the unit: they yield 60; ¥; of 60: it yields 20; what do 20 make of the unit? %.
Multiply the nomismata by the months, which is 120 by 5: it yields 600; and you resolve into 300;
Va0 Of 600: it yields 2. The lender of 120 nomismata at ¥; per cent ought to take an interest of 2 no-
mismata for 5 months.

15
[***]
{marg. A\ €potOoig}
‘Eddveica vopiopato p €l p™ 10 8% VIEP TOKOV vV 1B. Tl AdPm;
‘H pébodog. To p® tiig povadog: yivovtar & 1o 6% tdv & yivovtat i&* Ta 1€ Ti To100G1 THG LovAdog;
VY. TOALOTAAGIOGOV T VOopIGHoTa £l TOVG Ufvag, O €0TL p €mt 1B+ yivetal a6 ADGOV €i¢ T0 v* TO VO
TAV 00" yivovion y. deele S00Tjvar HTEP VOLUSHATOV p TOKOV DIIEP UNvdV 1 vopiouata .

Another question.

| lent at interest 100 nomismata for 12 months at ¥, per cent. What do | take?

Procedure. ¥, of the unit: they yield 60; ¥, of 60: they yield 15; what do 15 make of the unit?
Yi0o- Multiply the nomismata by the months, which is 100 by 12: it yields 1200; resolve into 400; %40
of 1200: they yield 3. For 12 months, 3 nomismata for 100 nomismata ought to be given as interest.

16

[***]

{marg. ’AAAn époOTNOIG}

Aéyer tig éddvetoa kai ELafov Ve TOKOV VIEP vV 1P Ertl ps 1O 8% vopicpoto v. drep TOcWV
oLV vopuopdtmv EAapov Ta Y vopiopaTo

H pébodog. To p® tig povadog: yivovtor & 10 6% t@v & 1€ 10 1€ Ti To1ovol THG LOVASOC; V. TA
v &mi T vopiopata y- yivetor ,ac. Koi Enedn Drep 1 unvdv £600ncav ta y vopicuata, moinoov 1%
TOV 00" yiveTon p. £600ncov ovv Ta Y vopicpata £mi pi 10 8% VIEP unvdv 1B €ig vopiopata p.

Another question.
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Someone says | lent at interest for 12 months at ¥, per cent and took 3 nomismata. Then for how
many nomismata did | take the 3 nomismata?

Procedure. ¥y, 0f the unit: they yield 60; ¥, of 60: 15; what do 15 make of the unit? ¥,,.. 400 by the
3 nomismata: it yields 1200. And since the 3 nomismata were given for 12 months, do ¥, of 1200: it
yields 100. Then the 3 nomismata for 12 months at ¥, per cent were given for 100 nomismata.

17
[***]
{marg. ’AAAn épmOTNOIG}
vopiopata p €Ml o £KatooTi|g VIEp unvdV 1B. Ti didoTat;
10 p% TG povadog & 10 o> TV & yivetor ur ta p TG povadog [[167r] ti mowodot; pver.
ToALOTAAGIOGOV T p €ml 1B+ yiveTal a0 Kol ADGOV €ig pv: TO pv™ T®V 00 yivetar 1. didotat ovv
VIEP VOUIOUATOV p €TL TOK® P& TO o VIEP UNvdV 1 vopiouato 1.

Another question.

100 nomismata at %; per cent for 12 months. What is given?

Y100 OF the unit: 60; %; of 60: it yields 40; what do 40 make of the unit? ¥;s,. Multiply 100 by 12: it
yields 1200; and resolve into 150; %5, of 1200: it yields 8. Then for 100 nomismata at an interest rate
of %; per cent for 12 months are given 8 nomismata.

18
[***]
VOUIOUAT®V p €Tl TEAELOG EKOTOOTIG T didoTan Ve vV 13;
gnedn pv tedeiav elme, ToATAAGIOGOV TA VopicpoTo €mi ToLG uivag: p 1B yivetal oot kai
ADooV €ig T p S0 TV TEAEIAY EKATOGTNV: TO P 0LV TAV G yivetat 1. E6TV 0LV O TOKOG TAOV p
Voo patmv £ml tedeiog p™s vmep unvav 1 vopicpoto 1.

What is given for 100 nomismata at a full per cent rate for 12 months?

Since he said full per cent rate, multiply the nomismata by the months: 100 <by> 12: it yields 1200;
and resolve into 100 because of the full per cent rate; then ¥4, of 1200: it yields 12. Then the interest
of 100 nomismataat a full per cent rate for 12 months is 12 nomismata.

19

[= Anonymus P, no. 74]

{marg. ‘H yfjpog 10D dpyvpod}

"Eoti 10 €€0ry10v 10D apyod ¥pucod — TOVTESTL TMV KO KEPATIMV — Kol TMV ¢ VOUOUATOV Ti AMAPo;

‘H pédodoc. Kpdret k8- kov@ioov ko Aoutd - v &ic ka- yiverar . £oTv odv £kAGT® vomcuau
YAPOLYLOL VOGO GpyoD xpucod a (. 10 ovv % &0t THV kS kepatiov ¥ ¢ (¥ 18% ka. £meidn odv
¢ vopiopata B€LeELS, Totoduey ama ¢ [...] T0 ¢ & 10 ka® TdV ¢ yiveTon B« 8% d¢ yivetor \iep
VOLUGUAT®V [...] N kepdtion 1y = [V] 18°.

Calculation of white <gold>.
An exagion of white gold—that is, of 24 carats—is of 21 «carats> fine. What do I take of 6 nomi-
smata?
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Procedure. Keep 24; subtract 21: 3 as remainders; 3 into 21: it yields %;. Then there is 1 %; of a
white gold coined nomisma for each «gold> nomisma. Then ¥ of 24 carats is 3 ¥ % %, ¥. Then since
you want 6 nomismata, we do once 6; [...] ¥% ¥ Y44 Y%, Of 6: it yields 2 ¥, %4,; so that it yields [...] 8
carats % ¥4, for 6 nomismata.

Problems 19-24. Problems on the value of alloy currencies with variable fineness. All of them apply the rule of
three, probs. 19-20 indirectly, probs. 21-24 directly. A feature of these problems is that the carat is both a weight
unit (for instance of white gold) and the unit of value expressing fineness, namely, the amount with respect to 24 of
pure gold in an alloy. With the exception of prob. 23, which is complementary to prob. 24, here we are always given
the fineness of an exagion (= 24 carats weight) of white gold, and we are asked to find the gold content of another
amount, sometimes expressed in nomismata (19-20), sometimes in carats (21-24). Thus, the basic relation is {fi-
neness}:{24} = {gold carats}:{white gold carats}. The syntagm ydpayua vopucuo denotes the intrinsic value of a
nomisma as a coined piece and not in its nominal value as a unit of account; it is in fact a synonym of bwépmopov, the
basic unit of the system. From Alexios I’s (ruled 1081-1118) monetary reform on, the nomisma was of 20 ; carats
fineness and worth 20 ¥, carats weight of pure gold (Henpy, Coinage 16-17), which is the value assumed in probs.
19 and 20. For these problems, cf. Rhabdas’ Letter to Tzavoukhes, in TannERY, Notice 148.1-150.14. Probs. 19, 20,
22, 24, 48 are directly formulated in the first person singular. The portion between asterisks in the algorithm below is
badly represented in the problem. For since 6 nomismata do not allow exact division by 7, the text correctly resolves
the nomisma into 24 carats, yielding 3 % (as usual, the common fraction is expressed as a sum of unit fractions)
after division by 7. Rescaling to 6 nomismata, the calculation goes awry but remains partly consistent; since any
correction would restore the text arbitrarily, | refrained from doing this. A correct text should read as follows: “Then
since you want 6 nomismata, we make once 6; <and 3 by 6: they yield 18; and> Y % %14 ¥ of 6: it yields 2 ¥, ¥,;
so that it yields 6 nomismata 18 carats %, [%4] Y44 for 6 nomismata”. Equation. f:24 = c:w, the data and the unknown
being in order from probs. 19 to 24, (f,24,c,w) = (21,24,6,x), (21,24,7,X), (18,24,x,19), (18,24,30,X), (x,24,16,30),
(%5,24,16,x). Algorithm. (f,24,c) — 24 — f — (24 —f)/f *— 1c + [(24 - )/f]c = x*.

20

[= Anonymus P, no. 74]

{marg. ’AAAn épmOTNOIG}

"Eoti 10 €€dyov {signum et marg. kepatiov} <ko. TOV> { vopuspatov ti Aafo;

amofov k& AaPe ko Aowwov v- y €ig ko yivovtal (%, & £€6TV €KAGTOV VOUOUAT®V voutoua o (&
apyvpod xpvcod- motodpev dmaé ¢ kai 1o (¥ @V Entés opod 1. yivetot odv &i¢ vopiopata { <n>
vopuiouato xpucod apyvpod.

Another question.

An exagion is of <21> carats fine. What do I take of 7 nomismata?

Keep away 24; take 21: 3 as a remainder; 3 into 21: they yield %, which is 1 %, of a white gold
nomisma for each of the <gold> nomismata; we do once 7; and % of 7: together 8. Then it yields <8>
nomismata of white gold for 7 «<gold> nomismata.

Problem 20. Note drndBov with the meaning of kpdrtet. Equation. f:24 = c:w, with (f,24,c,w) = (21,24,7 x). Algo-
rithm. (f,.24,c) > 24 —f — 24 - f)if »> 1c+[(24 - H/flc =x.

21

[= Anonymus P, no. 75]
AN €pOTNOIG
<E>otm 10 é&dylov {signum et marg. kepatiov} m. Ta 10 Toc0ov;



Byzantine Rechenbiicher: An Overview 33

‘H pédodoc. m &mi 10- yiveron tup- Adoov eig k8- yiveron 18 8. Eotv obV 1) T AV 10 Kepatiov
TOD ApYyod ypLGiov KepaTiwv 18 O

Another question.
Let an exagion be of 18 carats fine. How much is 19?

Procedure. 18 by 19: it yields 342; resolve into 24: it yields 14 %,. Then the value of 19 white gold
carats is of 14 ¥ carats.

Problem 21. Equation. f:24 = c:w, with (f,24,c,w) = (18,24,x,19). Algorithm. (f,24,w) — fw — fw/24 = x.

22

[= Anonymus P, no. 76]

{marg. 6AAn EpodTNOIG}

<T>0 &&dyilov kepatiov 1. €1 T A KEPATIAL TOGOV YPLGOD APYOD ETAP®;

‘H pédodoc. k& &mi A yivovton yk: TodTmv 10 ™ yiveton p. E6TV 00V TV A KePTimV YPLGIov
apyoD KePATLAL LL.

Another question.
An exagion is of 18 carats fine. How much do I raise of white gold for 30 carats?

Procedure. 24 by 30: they yield 720; ¥, of these: it yields 40. Then <the amount> for 30 carats is
40 white gold carats.

Problem 22. Equation. f:24 = c:w, with (f,24,c,w) = (18,24,30,x). Algorithm. (f,24,c) — 24c — (1/f)24c = x.

23

[= Anonymus P, no. 77]

<A>pyod ¥puood KePATLO A €1 KEPATIA 1G. TO EEAYIOV TOGOV;

‘H pédodoc. 'Emi k8- yivovrar T todtmv 10 A% yivetor if £ £ 12V, Zottv ovv 10 £EGy1ov TV A
oD ¥puciov kepatTiwv 1 = €% 1%

30 carats of white gold for 16 carats. Of how much is an exagion fine?
Procedure. By 24: they yield 384; ¥4, of these: it yields 12 ¥, 4 ¥,. Then an exagion of 30 <white>
gold carats is of 12 %, % %, fine.

Problem 23. The givens of probs. 23and 24 are complementary. Equation. f:24 = c:w, with (f,24,c,w) = (x,24,16,30).
Algorithm. (24,c,w) — ¢c24 — (1/w)c24 = x.

24

[= Anonymus P, no. 78]

AN £pOTNOIG

To €€ayov 1f < € 17, T®V 1§ Kepatinv Tt AMAPw;

‘H p00odog. 1 €mi k8- yivovron tnd- todtag dvaivcov eic 1f < £ 19 yiveton A. EoTtv 0OV 1] T
TOV A KEPATIOV KEPATIOV 1G.

Another question.
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An exagion is of 12 ¥, ¥ ¥, «carats fine. What do I take of 16 carats?
Procedure. 16 by 24: they yield 384; resolve these out into 12 %, ¥ %,: it yields 30. Then the value
of 30 «white gold> carats is 16 carats.

Problem 24. Equation. f:24 = c:w, with (f,24,c,w) = (44,24,16,x). Algorithm. (f,24,c) — c24 — c24/f = x.

25

[= Anonymus P, no. 79]

{marg. ‘H yfjpog 10D dpyvpod}

<H> Aitpa 0D dpyvpod vopicuata € L. 1 00yyio TOGOL;

‘H pébodoc. dimhmoov 1a € £, kai moinoov ta. (51d ti 6& Simhdoopev; d1d 10 yivesOat € « vopicpoto
KepaTio. pAR. TO ovv 1B TdV pAB- Yivetan 10.) v oDV €oTv 1} Atpa vopicpata & <, Tod dpyvpod
gpyeton N T Kepatia 1087, TO 8¢ ypapov TOc0V; EXEON 1| 0OyYio ypdupata £yl K6, TO. 100 KEPATIO
Toincov &ic T KO+ yiveton Yo n.

"Edy o0v éottv 1} 00yyia tod dpyvpod kepdtia o, Epyetan 1) Tiun Tod ypapupod kepdia v n°. yive-
TaLyap T 7 TV k5, M, Koi 1O N TV K5, 7+ Opod 10 ToHTE 0LV TG KAVOVL TAVT T EIC TOV EpyVvpOV
eVUPNOELS, €1g HEV TNV oVYYiav [[167V] SITAGY TV TNV THS MTpOg Kol VoDV ot KEPATLA, €iG OE TNV
TV TOD YPappod Avovta TV ovyyiav €ig KEPATLOL €1G TO KO.

Calculation of silver.

A pound of silver 5%, nomismata. How much an ounce?

Procedure. Double 5 %, and make 11. (And why did we double? Because of 5 %, nomismata being
132 carats. Then ¥, of 132: it yields 11.) Then if a pound be of 5 % nomismata, the value of silver
amounts to 11 carats. And how much a gram? Since an ounce has 24 grams, do the 11 carats into 24:
it yields ¥4 %.

Then if an ounce of silver is 11 carats, the value of a gram amounts to %; %4 carats. In fact, %; of 24,
8, and ¥; of 24, 3: together 11. Then by means of this rule you will find everything concerning silver,
concerning an ounce by doubling the value of a pound and by conceiving them as carats, concerning
the value of a gram by resolving an ounce into carats, namely, into 24.

Problem 25. Conversion of units of measurement: weights and currencies (contrary to probs. 19-24, apyvpdc
denotes here a silver coin). A single application of the rule of three is required. The standard equivalences are 1 no-
misma = 24 carats (currency) and 1 pound = 12 ounces, 1 ounce = 24 grams (weight). Thus, if an amount in pounds
p is worth n nomismata, the same amount in ounces o is worth 2n carats, and again, the same amount in grams g is
worth 2n/24 carats. This much is stated in the general rule with which the problem ends. For these conversion prob-
lems, cf. Rhabdas’ Letter to Tzavoukhes, in Tannery, Notice 150.18-154.2. Before the rule, a check is provided. Cf.
prob. 27. Algorithm. (p,n) = (1,n) — (0,2n) — (g,2n/24).

26
[***]
{marg. GAAN €pOTNOIG}
Aéyet Tic Kowkivov ¥puosEUmacTov AMTP®V 1 VOLUGHATOV p- 1) Altpa ToD dpyvpod VOUUGUAT®V G
Kai 1 AMitpa 10D ¥puoiov vopoudtov off. eimelv ti &yl xpooov Ti apyvpov.

8 1 e 1B fecit. m. 1
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‘H puébodog. 'Eneidn ¢ vopuopdtmv eine Ty AMtpov tod dpyvpod eivar koi of v Atpav tod ypv-
ciov, moincov obtmc. 10 ¢ TdV of- yivovrar - de’ GV [Ek TV 1B], o Aourd 1o koi &ttt Atpag Eotn-
oev 1O Kawkiov, Toincov ¢ €nt 1+ yivovtot & td & KoOPIoov €k T@V p- AOTd L T 10* TV [L1° YIveEToL Y
210 KBS kovpioov 8k TV & Kai 08¢ £ic Té . Exet oDV xpvcod vopiopaTa py 1o KB kod dpyod
vopiopato vs 7" Ay® VOLUGLATOV p.

dmpev i motel 1 Mrpa.

0 XPLOOG Exel vopiopaTa py kepdtio 1€ 8% o, 6 €otv ovyyion { ypappata ¢ kepatio y 6% ud®,
Kol 0 apyvpoOc Vopiopo<to™> vg kepdtia B & ¢ kB Ec, & ot Mitpan B ovyyion & ypappato 1§ Ke-
pdma B ,Yov <60v> 110 i )UYOV HSOV.

dopev gig Tl cuvayel 6 dpyvpog LIEP MTP®V O 0VYYIDVY & Ypappato 1§ kepdtio v <6°> o Ay
uo®, vopiopato vs kepdtio mn L ¢ kB £

oUT®G. Gpyvpod Atpot O Amd VOLUGHATOV ¢ YivOVTol VORIGHOTO VO. Kol DITEP OVYYIDVY d THE 0VY-
yiog kepdtia 1B+ yivovton vopicpota B. kol VEp ypappdtov 1§ tod ypappod KepATov - yivovtol
KePATIOL M L. Kol VIEP Kepatiov B tod kepatiov O 1 yiveror kepdtio TO ¢°. Kol VIEP TOD Y 6%
0 Ay®Y uo®- yiveton kepatio to KB EG™ opod Adtpor O dpyvpod ovyyiot & yphppata [...] ¢ KepATio
v 8% ud®- yiveton vopicpota py Kepatia e 6% ud®- opod vopiopato p cuviynooav dmep g GAov
T0D KawKiov.

Another question.

Someone says a gold-pasted cup of 10 pounds for 100 nomismata; a pound of silver is of 6 nomis-
mata; and a pound of gold of 72 nomismata. Say what does <the cup> have of gold and what of silver.

Procedure. Since he said a pound of silver is of 6 nomismata and a pound of gold of 72, do as fol-
lows. ¥ of 72: they yield 12; from 12, 1: 11 as remainders. And as the cup stood of 10 pounds, do 6 by
10: they yield 60; subtract 60 from 100: 40 as remainders; ¥4, of 40: it yields 3 %, ¥4, ¥,; subtract from
60 and set to 40. Then of 100 nomismata it has 43 %, ¥4, ¥4, nomismata of gold and 56 Y4 %4, of silver.

Let us see what does a pound make.

Gold has 43 nomismata 15 ¥, ¥, carats, which is 7 ounces 6 grams 3 ¥, %, carats, and silver 56
nomismata 8 ¥, ¥4 ¥, % carats, which is 9 pounds 4 ounces 17 grams 2 ¥, <¥,> ¥, Y43 Vi, carats.

Let us see what does silver gather for 9 pounds 4 ounces 17 grams 2 ¥, <Y,> Y4, %43 ¥, carats,
namely, 56 nomismata 18 ¥, %; ¥, Y carats.

As follows. 9 pounds of silver 6 nomismata each yield 54 nomismata. And for 4 ounces an ounce
being worth 12 carats: they yield 2 nomismata. And for 17 grams a gram being worth ¥, carat: they
yield 8 %, carats. And for 2 carats a carat being V4. it yields ¥; carats. And for %5 ¥, Y4, Y43 Y. it yields
Y4, Y6 carats: together 9 pounds of silver 4 ounces [...] 6 grams 3 ¥, ¥, carats: it yields 43 nomismata
15 ¥, v, carats: together 100 nomismata were gathered for the value of the whole cup.

Problem 26. Cf. probs. 5, 12, and 41. Cf. AP XIV.11, 13. The problem sets out a cup of given weight made of
gold and of silver. The nomismata gold and silver are worth are also given. One must find the amount of gold and of
silver used in the cup, and their values in nomismata. The text sets the two values as unknown in the algorithm. The
results, expressed in unit fractions as usual, are 43 74, and 56 %, respectively. To compute the weights, one must
bear in mind the following relations. Silver: 1 pound = 6 nomismata, 1 ounce = 12 carats, 1 gram = %, carat, 1 carat
(weight) =¥, carat (nominal fineness). Gold, of course, is obtained by rescaling the previous ones by 12: 1 pound =
72 nomismata, 1 ounce = 6 nomismata = 144 carats, | gram = 6 carats, | carat (weight) = | carat (fineness). Calcula-
ting with these equivalences, one easily spots some copying mistakes and a lacuna that affects most of the long final
check of the calculation of the weight of gold. Equation. x + y = k and x/a + y/b = h, with (a,b,k,h) = (6,72,100,10).

88 lBov L
® mL



36 Fabio Acerbi

Algorithm. (a,b,k,h) — (1/a)b — (1/a)b — 1. ah — k —ah — {1/[(1/a)b — 1]}(k — ah) — ah — {1/[(1/a)b — 1]}
(k—ah) =x. (k—ah) - {1/[(1/a)b — 1]}(k —ah) =y — x/a . y/b.

27
[***]
{marg. yfjpog 10D dKpoAiov}
"Eotv 1] 00yyia 10D dKpoAiov VOLIGHAT®V Y. TO YPAUUOV TOGOV;
H pébodoc. durhidg vomoov v yijpov, tva drep vopiopatd eicy év i) ovyyig Tocadto KEPATLO
&V T® Ypapp®d. £oTv ovV VIodeiEemg Yaptv 1 ovYyio TOD AKPOAIOV VOUGUAT®OV Y* KO TO YPOUUOV
dnrovot Epyetar .

Calculation of akrolion.

An ounce of first-fruits is of 3 nomismata worth. How much a gram?

Procedure. Conceive the calculation in two ways, in order that, how many nomismata there are
in indeed in an ounce, so many carats there be in a gram. Then, for the sake of example, an ounce of
first-fruits is of 3 nomismata; clearly a gram also amounts to 3.

Problem 27. A very simple conversion problem: since there are as many carats in a nomisma as grams in
an ounce (hamely, 24), the numbers expressing the values in nomismata or in carats of an ounce or of a gram of
anything coincide, respectively. The term dkpoAov or dkpoAetov is very poorly attested; [ have chosen a meaning of
amopyn, a synonym recorded by Byzantine lexicographers, that fits the context of the problem. Cf. prob. 25.

28

[***]

{marg. yfpoc TV Lopyapitdv}

Totéov OT1 €0TIV O AeYOUEVOS OTATIP TAV HapYopLtdV ynoiov &. £oTv 0LV Kol ovyyio Kepatimv
1B. YmodeiEemg yaptv Kokkia f 6TéEVOVTO KEPATIH K* EGTIV O GTATNP AOTAOV 0VYYiat 1f — TOVTEGTL VOo-
piopata ¢. mOcov td B Kokkia,

<H> pébodoc. [Toodpey K K* v TOLTOV TO V*'* YIVETOL 1)* OPOD VT)* TAVTOC TAG LT AVAAVE EIC TOV
otati|pa, 6 0Tt & yivetal ¢ & 1%V €. EGTIV OVV 1] T ODTAV G TPOG 0VYYIOS 1 VOLUSUAT®V [ & 1%
€%, ™G yivesOot TNV Tyunv axpiPiy TdV f KoKKi®V VOLUGUATOV 1L KepaTiov 10 €.

Calculation of pearls.

One has to know that the so-called stater of pearls is of 60 counting units. Then an ounce is also
of 12 carats worth. For the sake of example, 2 grains balancing 20 carats; their stater is 12 ounces
worth—that is, 6 nomismata. How much 2 grains?

Procedure. We do 20 <by> 20: 400; Y%, of these: it yields 8: together 408; resolve these 408 out into
a stater, which is 60: it yields 6 % ¥, ¥%. Then their value with respect to 12 ounces is of 40 ¥, ¥4, %
nomismata, so as to yield the exact value of 2 grains, 40 nomismata 19 %5 carats.

Problems 28-31. Conversions of units of measurement; prob. 31 gives the rule. A bewildering set of problems;
despite a general statement in prob. 31, the rule applied can only be induced from the algorithm. The whole issue
rests upon the participle otévov(ta), whose meaning is “to weigh” (LBG, sub voce), and which | translate “to ba-
lance”. It is always question of grains ctévovta carats, the stater (which has 60 parts, taken as a parameter of the
algorithm and apparently coinciding with ounces; for the stater, see ScuiLBacH, Byzantinische Metrologie 282 sub
voce) being given as o ounces, which are worth 0/2 nomismata since 1 ounce is stated to be 12 carats (= % nomisma)
worth. It is required to find the nomisma-value of the assigned grains suitably transformed into parts of a stater;
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this transformation, which involves squaring the grain-value and rescaling it by 5%, | have been unable to justify.
In probs. 28 and 31, I have translated yneiov as “counting unit” instead of “part”. A final reduction from fractional
parts of a nomisma to carats (1 nomisma = 24 carats) is performed. Algorithm. (r,c,0) — rr — (Y%)rr — rr + (Y%o)rr
— [rr + M%o)rr]/60 — o/2{[rr + (%)rr]/60}.

29

[***]

{marg. GAAn épOTNOIG}

<Tpia K>0Kkiot 6TEVOVTO KEPATIO 1] TOD GTATHPOG GVTOG TIUNG 0VYYLdV B, & €6TL VOLIGHO O. TG
Tpio KoKKio TOCOV;

‘H pébodog. Iotodpev m nt - yiveron Tkd- To0T®V T0 V- yivovol G €% ¢ 1° 0€®'+ OpoD yivovtot
TA €% ¢ 1Y 0&" TadTa ADGOV €ig Ta & yiveTal € & pKe®. yiveTon 1 TIUT| VOUIGUATOV € 4 PKE®, OC
yiveoBat vopioparta kabopd € kepatia 1 ¢° 0e® pre® ov®. |[168r]

Another question.

Three grains balancing 18 carats the stater being of a value of 2 ounces, which is 1 nomisma
worth. How much three grains?

Procedure. We do 18 by 18: it yields 324; Y%, of these: they yield 6 ¥ ¥4 ¥4, ¥s: together they yield
330 Y% Y% Y10 Ys; resolve these into 60: it yields 5 %, ¥,s. It yields a value of 5 %, ¥,5 nomismata, so as
to yield 5 pure nomismata 12 % %5 V4,5 Vo5, Carats.

30
[***]
{marg. dAAn EpoOTOIG}
<K>okkivov o 6TEVOV KEPATLOL 1 EGTLV O GTOTNP ADTMV oVYYial K, & £6TL vouiopuaTo 1.
TOLODUEV 1 1 p- @V TO V- yiveton B+ Opod pP- tadta €ic T & yivetor o < €. EGTIV 0LV 1) TIUN ©OG
TPOG 0VYYiaGg K vopuopatov 1.

Another question.

1 grain balancing 10 carats their stater is 20 ounces worth, which is 10 nomismata.

We do 10 <by»> 10: 100; of which %%: it yields 2: together 102; these into 60: it yields 1 % Y. Then
the value with respect to 20 ounces is of 17 nomismata.

31

[= Anonymus P, no. 80]

AN yijpog cuppariopévn toic dyopdlovoty.

ZuvVovayoymv TOV TOAATANGIOUOV TOD KePATIGHOD HEPILE €l TO TOGOV TMV KOKKI®MV, Kol TO
oGOV €1g O avaivovtar Enifaie Katd TOD oTATHPOS — TOLTESTL TOV & Yynolov — kol & T1 dBpoicelg,
€KEIVO TO TOGOV €IC TOV OVYYLOGHOV PEP®V EVPNGELS EVYEPDG TO TIUNLLOL.

Another calculation occurring to merchants.
Gathering the multiplication of the carat-value, divide into the quantity of grains, and the quantity
into which they are resolved out put upon according to the stater—that is, to the 60 counting units—
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and if you will put something together, converting that quantity into ounce-value you shall easily find
the valuation.

32

[= Anonymus P, no. 81]

Ta vy 1808 kai 6 1010* 11 Torodot THig povddog;

‘H pédodoc. 'Eneidn y etme 10 koi 0 1010%, moroduev obtmc. Tpeic eig 10 yiveran 1B 1 vac’ En.
Kad 0 gic 109 yiveton 8% ¢ An® v{» 0c®” cuvéyovtat o0V oi povai = 10 An® v v En® oc®. T
¥ ooV 10" kai 0 1010 orodot THC Hovadog = 1% AN vay vi En® oc®.

1£ 10ty otV 1L yivetan 10. kai tO 0% 1. T y 0% yiveran vC. kol ta 0 0% yiverar pvy-
Opod ot. TaDTO TG Gl GLYKPIVOUEVE TPOC TO TKY YiveTal L 1%V K% cLEY. €IKOGATAOVUEVA YOp TO GL
yiveton 8o, eikocamlovdpeve 8& T Tky yivetonr cuE. TadTa 0VV GLUYKPIVOUEVH TO OG TPOS TOL ,CVE
GUVIOTAOOWV £ 1% K cu&”.

%7 and %, what do they make of the unit?

Procedure. Since he said ¥%;; and %, we do as follows. Three into ¥;: it yields ¥, %7 % Y6s. And 9
into Y: it yields ¥, Y4 Y4 %5, %6, then the denominations are gathered, namely, ¥, Y4, Yag Y61 Y67 Y6 “46.
Then %;; and %, make ¥, Y47 Yag Ye1 Y67 Yes Y46 OF the unit.

17 <by> 19: 323; ¥, of these: it yields 19. And %o 17. 3 <by> 19: it yields 57. And 9 <by> 17: it
yields 153: together 210; these 210 compared to 323 yield ¥, Yo Y0 Y%ae0. In fact, 210 twentuplicated
yield 4200, and 323 twentuplicated yield 6460. Then these 4200 compared to 6460 conjure up % %,

1/ 1
/%O /%460-

Problems 32-38. Calculations with unit and common fractions. Cf. Papyrus Achmin, nos. 6-9, 12, 14-16,
18-25, 29-32, 38-40, 50. Probs. 32 and 33 compute %;; + %, by means of three algorithms; probs. 34-36 transform,
by means of identical algorithms, %; into thirteenths, %; into sevenths, and %; %; %, into elevenths, respectively; prob.
37 calculates % — %, — ;. As for prob. 38, see the commentary on it. Algorithms of prob. 32. 1) (34,%) — a(*4).
c(%) — a(%,) + c(%). This algorithm amounts to calculating an expansion in unit fractions of both fractions and then
gathering the results; use is made of the fact that % is ¥, % %,. 2) (34,%) — bd — (4)bd =d | (*)bd=b.ad . cd —
ad + cd — (ad + cd)/bd =%, + %. Final check, expanding the fraction by 20.

33
[***]
{marg. AAwc 1 uébodoc}
"Ereidn y 148 koi 0 1010° gine, molvmhaciocov T 1 éml té10- yiveton tky. mowcov tpia 10- yivetar
V(. xai 0 €mi 1l yivetar pvy: Opod o1 T 61 OGOV €i¢ T TKY: yiveTal £ 10 An® va®y v En® oc®. =«
(P& ), 18 (16), An™ (n ), va™ (5 v™), VG (& w), En™ (8 = %), 06> (8 5%).

The procedure in another way.

Since he said %;; and %, multiply 17 by 19; it yields 323. Do three <by> 19: it yields 57. And 9 by
17: it yields 153: together 210; do 210 into 323: it yields ¥, ¥4 Yas Y61 Y67 Yes Y46 Y5 (161 %%), Y47 (19),
Va5 (8%2), Vo1 (6 %4), Vo1 (5 %), Yes (4 %2 ¥a), 26 (4 7).

D xai L
Gl L
92 1010¢ L
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Problem 33. Final check, by listing the indicated parts of bd. Algorithm. (34,%) — bd | ad | cd — ad + cd —
(ad + cd)/bd = %, + %,

34

[= Anonymus P, no. 82]

1000 kai o1d Ppayeiog pebddov Enedeilapey Emivovoog emvag: v (L tdéoa tyry® molodoty;

[oodpev obtmc. ¥ 1y- yivovron A0- kai Avopev €ic {- 10 & tdv A0+ yivovtot & « 18%. E6Tv oDV Td
v {0 tyry® & 18

There it is, we also showed <the> resolving denominations by means of a shorter procedure: how
many thirteenths 3 sevenths do make?

We do as follows. 3 <by> 13: they yield 39; and we resolve into 7; %; of 39: they yield 5 %, %1,. Then
%, are 5 ¥, ¥, thirteenths.

Problem 34. A copying mistake has occurred. Algorithm. (34,%) — ad — ad/b = x.

35
[***]
{marg. AMoc}
Ta y tyry* méoa (L motodpev v € ko kol Avopev €ig 1y tO 1y T ko yivetatl o & 1y® K6, £tV
oLV T Y tyry® (L o & 1y )G,

In another way.
How many sevenths %3,? We make 3 <by»> 7: 21; and we resolve into 13; %5 of 21: it yields 1 Y, ¥,
Y5e. Then %5 are 1 Y, %5 Y56 Sevenths.

Problem 35. Algorithm. (34,%) — ad — ad/b = x.

36

[= Anonymus P, no. 83]

To s ¥ ko™ TOGA 100" TOLOVOLV;

H pébodog. <E>medn 10 wy & ko ¢ €ig € giot, molodpev ¢ 1o yiveron G- kal Avopev €ig {10 ovv
v @v Eg- yiveron 0 ¢ £ 10% ko, wona® 0 ¢ {18 ko, kal 6ca ToladTe 0UTM YIVETAL.

How many elevenths do %; ¥, %5, make?
Procedure. Since %, Y, %, are 6 into 7, we do 6 <by»> 11: it yields 66; and we resolve into 7; then ¥,
of 66: it yields 9 % ¥ Y44 ¥o1. 9 Y% ¥ Y44 Y5, elevenths, and how many such are, thus it yields.

Problem 36. A copying mistake has occurred. Algorithm. (3,%) — ad — ad/b = x.

% ay1QltL
94 KSOV L
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37
[***]
€K 10D Spoipov €av VEEANC W Kol 1L, Ti KotaAeimeTal;
moiel oVTG. 10 1§ prl- 10 o TV prl- yiveTon pkd wy. mOA moiet 1o kol - yivetal kn: Td Kn
DOEOV €K TOV PKS 0¥ LEVOLGL QC 6 TOL QG 6 HEPLGOV €i¢ prl- yiveTan € ¢ 1 po® prl®. [10 8%
€k 10D o Koveionc® kai oltw moiet.]

If from two-thirds you remove %, and ¥, what is left out?

Do as follows. 11 <by> 17: 187; %; of 187: it yields 124 %;. Again, do 11 and 17: it yields 28; re-
move 28 from 124 %;: they remain 96 %;; divide 96 % into 187: it yields % ¥ Y41 Y170 Y%ie7. [Subtract ¥,
from %4 and do as follows.]

Problem 37. The final clause is out of place, nor does it pertain to the subsequent problem. Algorithm. (34,%,%)
— df > @Gp)df . d + f— (3)df — (d + ) — [(34)df — (d + f)]/df.

38

[***]

I[168v] péBodog dt’ fig dpeilopev cuvadpoicot o Aemtdl Thig Lovadoc.

Totéov 0Tt Exel 10 10 ThG Hovddog mcbopdpia, Grep Tveg poAlio kadodoty, Yo o Ay®, 10 O0¢
KB, Yo 8% ™ Ay® ud®, 10 6& ud® £xet v Ay®, 0 6& ™, PO kB Ay°Y ué. OHOSEVCMUEY TOG
POVAC TOG £dyepdC VIO Thig Sekiag kKpatovpévag: olov Eyopev Yo kod v koi v — TovTéeTy &K Thig
AMoemg Tod 10 Kol kB Kol pd® — koi &k tod KB, 6%, kai €k Tod 7™, 1 opod cvvnéapey o v
EMDopev kai &l Tog BAMAC POVAG. iG1v 0DV anTom 10 Ay Kol 10 Ay® ud® 1cod Ay® kol kP Ay pud°.
cuvabpoicopev avTag oVT®MG. KPATEL TO 10 o Kol TO Ay ¥, Koi <10 10®" o Ko TO Ay® y*> 10 po®
8, kol AV TO Ay v, Kai KB & ki Ay y* koi 1O pud® 8. cuvipdnoav odv & y*'- tadta T & Y
Moov €ig 1o yiveton v (v o) kB (&) Ec (¢%)- yiveton ¥ kB . piEmpev obv kai TV o v TV
cvvoydgicay £k TdV oTepe®dV: OLOD GuVayovTar yiigot o c kB Ec”, Mg dfjov elvar 8Tt GuVAyoLGTY
ol @ovoi — TouTéEoTL TO Y 10 Ay <, TO Y 6% 10® Ay®¥ ud®, 10 Y Ay*"™> kol 10 1B kB Ay*" ud® — a
o> KB EG®. ToUT® 0DV T Kovovt Thva o Aeyopeva moBopdpia cuvadpoilmy gion tig nedddovg
QUOTOVMG EVPIoKELY PLAOROOESTATE.

Procedure by means of which we ought to put together the parts of the unit.

One has to know that %4, has further parts than the unit, which indeed some call mallia, namely, %4
Yir, Yas, and Yo, Yo Vi Vi1 Yas Yaa, and Vi, has ¥4 Y4,, and Y4g, Y4, Y5, Va3 Yas. Let us collect those denomina-
tions that easily kept on the right; for instance, we have %; and %; and “;—that is, from the resolution
of ¥4, and ¥, and Y5—and from Y%,, ¥, and from Y4, ¥4,: together we gathered 1 Y. Let us also come
to the other denominations. Then these are Y4, %33 and %4, Y43 44 and Y43 and %5, Y3 ¥4, Let us put them
together as follows. Keep ¥, 1 and Y%4; ¥ and <%, 1 and %3 %> and ¥, ¥, and again %4; ¥4 and %, %
and %; ¥ and ¥, ¥, then 4 %; were gathered; resolve these 4 Y5 into 11: it yields ¥ (3 %) Y%, (%) Ys
(%): it yields ¥ ¥, Y. Then let us also merge 1 %4 gathered from the solid <numbers>: together 1 %
Y4, Vs parts are gathered, so as to be clear that the denominations—that is, ¥4 Y41 Y3 <, ¥ ¥4 Y41 Y33 Yaa,
Vi has ¥ Vo> and ¥4, Y%, Y43 Yas—0ather 1 %4 %, Y%6. Then assembling by means of this rule all the
so-called further parts you will know industriously to find the procedures, you fondest of learning.

% xovong L
96 ,Yov L
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Problem 38. A most interesting problem, despite some copying mistakes. Apparently, the podiio (word un-
known to the TLG) or tfig povddog mioBopodpia “further parts than the unit” are the unit fractions in a given reso-
lution of an assigned (unit) fraction into unit fractions, only the fractional part exceeding a unit being retained. It
is obvious that the paAXio here listed add to something greater than the assigned fraction, so that some rescaling
must have occurred. In fact, the indicated sequences of unit fractions add to 16 times the corresponding assigned
fractions; since %, is greater than 1, %; is retained. Thus, the paiiia set out add to %4, ¥, %4, and %, in this order.
All the pad)ia are systematically gathered, and the result is 1 %;. | am unable to explain the presence of the deno-
mination otepeodg “solid <number” in this context. The last sentence of the problem has a clear interlocutive value.
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[= Anonymus P, no. 24 = Rhabdas, no. XII1] | alium atramentum

Aéyertic 6t mpoérafe Tva 6Tado doa Tposhafe, Kai AALOG EicEADMV pETA UEPOC K &V TG TAOI®
avTtod €moiel kad’ fuépav otddia v, kai EBacev adTOV d1d NUepdV &. OG0 oTAd0 Emoiet Kab’ Nué-
pav 0 £EeABmv TpdTOG;

noiel obtwe. & v- yivetan B0 Emavarafe’ ta k €mi ta & yiveton T 1O T T®V B0 yivetan T &G
dAovott émoiel 6 Tpoe&elbmv Ko’ EkdoTnV NUEPAV GTALN T.

Someone says that he was ahead of someone how many stadia he was ahead by, and another one
coming into in his route after 20 days made 400 stadia per day, and overtook him in 60 days. How
many stadia per day made the one who set out first?

Do as follows. 60 <by> 400: it yields 2400; take up 20 in addition on 60: it yields 80; ¥, of 2400:
it yields 300; so that clearly the one who set out before made 300 stadia per each day.

Problems 39, 43, 44. Standard pursuit problems. The gloss npdcbeg for the non-canonical énovatafe suggests
that L copied an annotated set of problems. In probs. 39 and 43, the relation used is that speed by elapsed time
yields run-distance; the run-distances are equated of two runners, the second moving later than the first. Thus,
one gets vit; = Voty, with t; = t, + a@. In prob. 39, one has to find vy, in prob. 43, t, . Equation. v,(t, + a) = vt,, with
(vi,t,a,v,) = (%,60,20,400). Algorithm. (t,,a,v,) — tv, . t, + a — [1/(t;, + a)]tv, = X.
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[= Anonymus P, no. 84 = Planudes, Great Calculation, 191.17-193.21 Allard]

‘Ev dpiote pfjda mapetédnoav, kol £500n t@ évi ufjlov a kai T {* Tdv pevaviov pniomv, Kol @
deutép P rai o (& TV pevdviov pAnv, Kol T® tpito v kol Td (* TdV HevavTov PIAnV, Kol T
TeTAPTO O Kol T0 {L* TV pevavTov PNA®V, Kol Toig VTOAOITOLS TAV APLoTOHVTOV OLOIMG. EIMETV XP1)
16601 01 Gp16oHVTEC oV Kol TOGa To UHACL.

{marg. péfodoc} dneidn (¥ eine, kpotoduev (- Enaipopey &v- Lownd ¢+ EEdmAmoov T G- yivetat Ag:
0¢ dfjlov 611 Noav ol AP1oodVTEC ¢ Kol To UnAc AC.

H anddeiéic. 'Ex v Ag pnimv 606 T® £vi &v: pévouot Ae: d0g kol TovTmv to £ yivovtot opod G.
500 ElaPev O el ufjia ¢ Aowrd Epevay pijla A 6 B, §0o- Aourd k- TovTov T (- yiveton §- Opod ¢.
Kol EAafev 0 0e0TePOg G- Epetvay pfjia kKO- [[169r] 0 v°5, v+ Aowmd Epevay piio ko Kol tovtov 1o
yivetor y- 6pod ¢. kai Elafev O Tpitoc ¢ Aowa Euevay uiia - 6 T€TapTog, 6 Aomd 18- Kol ToVTMV
T0 (' yivetan B+ opod ¢. Eafev kai O Tétaptog ¢ Aowrd Epevoy pida - 0 €%, £- Aowmd (- Kol TovTmv
70 (- yivetar a- opod ¢. ElaPev kol 0 €% ¢+ Aoutd Epewvay ¢. Elafev kol 0 ¢ T0 ¢ peivavto piAo.
MooV 0OV ol apleTodvTeG ¢ Kai To ufjdo Ac.

7 poobec s.l. m.1
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Apples were served up for breakfast, and 1 apple and the sevenths of the remaining apples were
given to one, and 2 apples and the sevenths of the remaining apples to a second one, and 3 apples and
the sevenths of the remaining apples to a third one, and 4 apples and the sevenths of the remaining
apples to a fourth one, and similarly to the left over ones of those having the breakfast. One must say
how many those having the breakfast were and how many the apples.

Procedure. Since he said %, we keep 7; we raise one: 6 as remainders; sextuplicate 6: it yields 36;
so that it is clear that those having the breakfast were 6 and the apples 36.

Proof. From the 36 apples give one to the one: 35 remain; give also % of these: together they
yield 6. There it is, the one took 6 apples: 30 apples remained as remainders; the 2" <took> two: 28 as
remainders; ¥; of these: it yields 4: together 6. The second also took 6; 24 apples remained; the 3rd,
3: 21 remained as remainders; and % of these: it yields 3: together 6. The third also took 6; 18 apples
remained; the fourth, 4: 14 as remainders; and % of these: it yields 2: together 6. The fourth also took
6; 12 apples remained as remainders; the 5, 5: 7 as remainders; and % of these: it yields 1: together
6. The 5" also took 6; 6 as remainders. The 6™ also took the remaining 6 apples. Then those having
the breakfast were 6 and the apples 36.

Problem 40. A much-contrived yet classical riddle of iterative partition. Cf. prob. 45 and Papyrus Achmin, no.
13, 17. Contrary to prob. 45, this problem is not conducive to generalization because this does not always allow
for non-integer solutions. Just note in this connection that the only given number provided is 7: as a matter of fact,
it is tacitly assumed that each participant gets the same share of apples; moreover, that there are 6 participants in
the breakfast is forced by choosing 7 as the part to be given to each. A long check is provided. Equation. Iterative:
i+ (X—ky—-0)/7=k,>k=ai=1...n,k =0, where x is the number of apples and n the number of participants.
Find x and n. Algorithm. (%) — 7 -1 — 6(7 — 1) = x. It is simply stated that n = 6.

41

[= Anonymus P, no. 85]

npoG Tvo. eicTiAdov Tpeic TIvég, Kai Emov dpocdtov AMtpav a Tpoyinv €. Emov 8¢ obtwg. 6 €iC Y,
6 8Ahog & kol 6 GANOG €. eimelv Ti £kAoTE APUOTTEL SoDVOL AVAAOYMOC OV ETLOV.

moinoov obtmc. ¥ kol 6 kal & Opod yivovion 1B. Tpimhwoov ta & yivetor am: TovTev 10 1
yivetar . kai 811 Emiev §, teTpdmhoocov o & yivetar avp: GV O 1B yiveton p. Emiev 88 kad o Y
& MEVTIAMA®GOV T TE- Yivetan  am- OV TO 1B yiveton pv- dpod yivetar ¢ kai pk koi pv, & giot t&.

Three guys came into at someone’s, and drank 1 pound of drink <for> 360 trachia. They drank
as follows. The first 3, the other one 4, and the other one 5. Say what each of them is due to give in
proportion to what they drank.

Do as follows. 3 and 4 and 5: together they yield 12. Triplicate 360: it yields 1080; ¥, of these: it
yields 90. And as he drank 4, quadruplicate 360: it yields 1440; of which Y3,: it yields 120. And the
third also drank 5; quintuplicate 360: it yields 1800; of which ¥,: it yields 150: together it yields 90
and 120 and 150, which are 360.

Problem 41. See the commentary on prob. 5. For the small coin tpoyiov, see Rhabdas in TannErY, Notice
148.8-9, stating that ¥, of a carat is worth %5 of a trachion, which entails that 1 nomisma = 416 trachia. A problem
of proportional partition, with final check. Equation. x + y + z = k and x:y:z = a:b:c, with (a,b,c,k) = (3,4,5,360).
Algorithm. (a,b,c) »a+b+c.ak—[1/(a+b+c)lak=x|bk — [1/(a+b+c)]lbk=y|ck — [1/(a+ b+ c)]ck =z
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42

[= Anonymus P, no. 86]

{marg. 10 T®V peMcc®dv}

MéMooa gicerbodoar &v TOm® Epayov péMTog AMtpag p, Kol kpatnOeica pia kol OAPeion EE-
Boke ¢ £V 18 ko ovyyiag. singiv mOco péMccat Nooy ai T LM eoyodsal.

{marg. ué0odoc} Emetdn ¢ (¥ 18 ko ovyyiog eine goysiv Tv péhooay, Thv ovyyioy By pé-
Aooat Epayov. (010 Tl 6€ 300 Y- 41 10 yiveoHar O ¢ {10 ka® TdV { v, T0 o0& Y*¥ TdV { yiveron B
¥°v.) émel 0OV 1) Mtpa Exet ovyyiog 1B, moincov P y* &mi - yivetar kn. Epayov ovv v AMtpay péMccat
K1. Kot 6Tt p Altpag oD péATog Epayov, moincov ovTmg. kN &ml p- yivetar fo- ®G dnrovott Epayov
TG p Mtpog péMooal Po.

The one of the bees.

Bees coming to a place ate 100 pounds of honey, and one of them caught and squeezed gave out
Ys Y4 Yiu Y5, ounces. Say how many bees there were eating the honey.

Procedure. Since he said that a bee ate ¥; % %14 %, ounces, 2 bees % ate an ounce. (And why two
Y5? Because of ¥4 % Y4, Y5, of 7 yielding 3, and ¥4 of 7 yields 2 ¥4.) Then since a pound has 12 ounces,
do 2 ¥; by 12: it yields 28. Then 28 bees ate a pound. And as they ate 100 pounds of honey, do as fol-
lows. 28 by 100: it yields 2800; so that clearly 2800 bees ate the 100 pounds.

Problem 42. An iterated application of the rule of three. If a bee eats r/s ounces of honey, s/r bees eat 1 ounce,
12(s/r) eat a pound (= 12 ounces), [12(s/r)]n eat n pounds. Algorithm. (r/s,n) — s/r — (s/r)12 — [(s/r)12]n.
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[= Anonymus P, no. 87]

Aéyer tig dodA0G EQuye Kol TPodAafe TOV deomdTV aTOD NUEPOS O Emoiel OE TNV MUEPAV O
dobAog punAta k9 kot 0 6eoTdTNG PALDL A. 010 TOGMV NUEPDV EQOHAGEV OOTOV O deGTOTNG OVTOD;

{marg. 'H pnébodoc} "Eneidn) d uépag mpoéhafe 6 dodAog <kai> Emoiet pila k4, Toincov O £mi k-
yivetat 9¢. kol 8Tt 6 deomdTNG A il €moiet, KOVPIGOV €K TAV A TO KO, Anep £moiet 6 S0DAOG Aourd
¢ 10 ¢ TdV Q¢ yiveton ic. Epacev oLy TOV SodAov 6 deomdTNG 1 NUEPHV 1C.

Someone says a slave escaped and was 4 days ahead of his master; and the slave made 24 miles
in a day and the master 30 miles. In how many days his master overtook him?

Procedure. Since the slave was 4 days ahead <and> made 24 miles, do 4 by 24: it yields 96. And
as the master made 30 miles, subtract 24, which indeed the slave made, from 30: 6 as remainders; %
of 96: it yields 16. Then the master overtook the slave in 16 days.

Problem 43. See the commentary on prob. 39. Equation. vi(t, + a) = v,t, with (v;,t,,a,v,) = (24,x,4,30). Algo-
rithm. (v,,a,v,) — avy . v, — vy — [1/(v, — vi)]av; = X.
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[= Anonymus P, no. 88; cf. Anonymus V, no. 81, Anonymus U, no. 11]

2KOA0G AmeAVON OTic® Aaryod, TpoEKoye O O Aaydg TNoNUATO [, Kol oVT®mG AmeAvdn 6 okOAOG
OV €MV ToD Aayod 1% kB Ay® ud® puépog tod tndNuatoc.® st tdocwv Tndnuatmv Epbacev 6
OKVALOC TOV AayOV;

% marg. ext. §t1 10 1B
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Eme1dN 1 OOt TPOEAUPEV O AayOg TOV 6KOAOV O 88 GKOAAOG 1% KB Ay nud® uépog mpoé-
TuTEV EMAVM TOD TNONUATOG TOD Aayod, moinoov W €mi o yivetar v (St Ti 8¢ €mi 1y d1a <TO> TO
aplopov eivar T 1B KB Ay ud® Tév 10.-) moincov o £ tdv vy yivetar ok (S0 ti 8& T «; 811 o
emvoi B gig 10 giciv® |[169v] T 88 P ap1Opdg Tdv fuicemv éotiv). EpBacey oDV 6 GKHALOG TOV AoryOv
S TNINUATOV oK.

oUT®G. 10 1B TV oK yivetal m) y°'. koi 10 KB T@V ok yivetat 1. Koi TO Ay*Y TV 6K* YIVETOL G .
Kol 70 U T®dV oKk yiveton € Opod L.

A hound was released after a hare, and the hare was in advance of 40 leaps, and the hound was so
released as to make the ¥4, %5, %3 ¥4 part of a leap above and beyond the hare’s. In how many leaps
the hound overtook the hare?

Since the hare was 40 leaps ahead of the hound and the hound struk the ¥4, ¥, %3 %4 part <of a
leap> above and beyond a leap of the hare, do 40 by 11: it yields 440; (and why by 11? Because of
the number being ¥, ¥, Y43 %44 0f 11;) do % of 440: it yields 220; (and why %,? Because the denomi-
nations are 2 into 11 and 2 is number of the halves). Then the hound overtook the hare in 220 leaps.

As follows. ¥4, of 220: it yields 18 ¥4. And Y%, of 220: it yields 10. And %; of 220: it yields 6 %.
And ¥, of 220: it yields 5: together 40.

Problem 44. See the commentary on prob. 39. This problem is framed in terms of sought leaps and their parts,
thus eliminating any reference to speed, time, and distance. The common fraction expressed in terms of unit frac-
tions is %, which provides the canonical answer to the two questions. A final check is provided. Note the two mar-
ginalia, the first of which is misplaced; they identify the relevant unit sum of unit fractions. Equation. I + a =1+ (%)
I. Algorithm. (r,s,a) — as — (%)as = |.
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[= Anonymus P, no. 89 = Rhabdas, no. XI]

TO TAV TPOGULTAV.

"Hrtel tig Tiva Tpocaitng, 0 8€ 01600¢ Aéyel: €av SmAmOdo drep Pactalm, TapEy®m GOl VoL
Ag, Kol £YEVETO OVTOG. OHOIMG Kol EMTL OEVTEPW OVTMC, KOl TOPETYE Kol OOTG VOLRLLIN AE. OPOimG Kol
gmi v°, kol EhaPe koi adTOC vouppio Ag, Kol 008EV EUEVE TG SedmKOTL TV gdmotioy. Ti 0DV TPdTEPOV
épaotalev.

{marg. ué0odoc} Emneidn Smhdoar elne kai Tpeic Tposaitatl Noay, Toincov o & THC o yivetol 4
Kol TO < oD £+ yivetor 8% kol T < tod &% yivetar n®- opod yiveror & 3% N moinoov ApTL T0 L
0% N TV Ae- yivetar A £ %, o0T®G. TO 4 T®V Ae- yivetor 1 . 10 8% TV Ae yiveton 1 £ &, O N
TOV A yivetor 8 0% n°'- opod yiveton A £ . tadta £fdotale TO TpdTEPOV O TNV €LTOAV dOOVG.

‘H amodei&ig. dimhwoov ta A & n°- yivetor o 6%+ d0G €€ avT®OV Ag* Aomd KG 0% dImA®GOV Tow-
Tag: yivetar vB «- 80¢ Ae- Aowd 1§ £+ dimhwoov tadta: yiveton Ag: 800G Kol T@ TPite Ag, Kol 0VOEV
vnoAeimetat. M oLV simopev, £Bdotale TO TpdTOV Vovpupio A & N,

The one of the beggars.

Some beggar begs someone, and the one who gives says: if what | indeed hold were doubled, |
provide you 35 noummia, and so happened. Similarly so also with a second <beggar>, and he also
gave him 35 noummia. Similarly also with a third, and this one also took 35 noummia, and nothing
remained to the one who had given the beneficence. Then what did he hold before?

9 marg. inf. 611 70 1B KB Ay®’ ud° TV B 110 fyovv ¢ EC® 10D Shov
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Procedure. Since he said “to double” and there were three beggars, do % of 1: it yields ¥; and %,
of ¥: it yields ¥; and %, of %,: it yields %: together it yields ¥, ¥, %; do now ¥, ¥, %; of 35: it yields 30
Y, Y%, as follows. ¥, of 35: it yields 17 Y. %, of 35: it yields 8 ¥, %,. 4 of 35: it yields 4 ¥, %4: together
it yields 30 ¥, %. These held before the one who gives the beneficence.

Proof. Double 30 %; %4: it yields 61 ¥%,; give 35 out of them: 26 ¥, as remainders; double these: it
yields 52 %; give 35: 17 Y, as remainders; double these: it yields 35; also give 35 to the third one, and
nothing is left over. Then, as we said, he held first 30 % ¥4 noummia.

Problem 45. A much-contrived yet classical riddle, as the title testifies. Cf. prob. 40. A complete check is provi-
ded. For the noummion, see prob. 12. Equation. 2'(...(2(2x —a) —a)...) —a =0, yieldingx = (%, + ¥, + ... + ¥,")a.
Algorithm. (a,n) > %, Y% ... " > Y+ Y, + ..+ V" > U+ Y+ ...+ YMa=x.
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[= Anonymus P, no. 90]

Tig Eovpe ¢ 17" KS* MO pépog T0d ToEupiov kai Ekpovoe otpovbia 1. €av Eovpe Olov, Tdo
EUeEALE KPOVELY;

‘H pébodog. Emetdny 10 ¢ 1y k¢ A § dottv <1y®>, kai &1L 1 6Tpovdia eine Kpoucsou avToV,
mowoduey M 1y- yiveton pd- kol Mopev €i¢ 8- TO oLV 8% TdV pd- yivetan KS. £POVELGEY 0DV, £l EGUPE
6Aov 10 T0EAp1oV, aTpovbdia KG.

TO YOp ¢ TV KC yiveTor o Y, kol TO 1y TV KG yiveTou B, kol TO K¢ TdV KG yivetal o, Koi 10 A0%
TOV KG yiveTal o OpoD 1.

Someone stretched the %4 Y45 Y56 Y49 part of a bow and pierced 8 birds. If he had stretched the whole
of it, how many would he have pierced?

Procedure. Since % Y13 Y46 Y49 IS 13-, and as he said he had pierced 8 birds, we do 8 <by> 13: it
yields 104; and we resolve into 4; then %, of 104: it yields 26. Then, if he had stretched the whole
bow, he would have killed 26 birds.

In fact, ¥ of 26 yields 4 Y4, and Y45 of 26 yields 2, and ¥ of 26 yields 1, and %, of 26 yields %:
together 8.

Problem 46. Compare prob. 42. A simple application of the rule of three. If a bow stretched for a part r/s kills n
birds, the wholly stretched bow will kill (r/s)n. A final check is provided. Algorithm. (r/s,n) — ns — ns/r.

47

[***] | primum atramentum

<A>gyel T1¢ 6110¢ Enpdon T@® vopicpott podta kn'®. tdv 0 podimv ti £500ncav;

TolovUeV 0UT®G. T O Poda Eml TO KO KEPATIO TOD VOUIGHOTOG" YiveETal 615 TaHTOG ADGOV €iG TO
KN podwa yiveror kepatia § « £ 18, ot 0 podtot kepdrtio § « L 16,

100

Someone says grain was sold at 28 modii for a nomisma. What were they given for 9 modii?
We do as follows. The 9 modii by the 24 carats of a nomisma: it yields 216; resolve these into 28
modii: it yields carats 7 ¥, ¥, %,. The 9 modii <are sold> at 7 ¥, %; ¥, carats.

Problems 47, 48. Simple applications of the rule of three entailing conversion of units of measurement, from
nomisma to carats: a price is provided as modii/nomisma and one is required to find what is given for some assigned
amount of modii, or vice versa. The nomisma of the price must be resolved into 24 carats. Equation. m:n = my:n,,
the data and the unknown being (m,n,my,n;) = (28,24,9,x) and (28,24,x,9), respectively. Algorithm. (m,n,m;) — m;n
— myn/m = Xx.

100 ko L
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48
[***]
{marg. GAAN épOTNOIG}
@ vopiopatt podia k. €ig T O Kepdtia oG AAPw;
Ta 0 kepdTia €ml T kM uod yivetan ovp- ADGoV €1g TO KO 010 TO VOUIGHO: TO 0VV KO TV GVf-
yivetar v <. dpeilet AaPeiv 1@V O podimv 1 «.

Another question.

28 modii for a nomisma. How much do | take for 9 carats?

The 9 carats by the 28 modii: it yields 252; resolve into 24 because of the nomisma; then %, of
252: it yields 10 5. One ought to take 10 ¥ of the 9 modii.

Problem 48. See prob. 47. Algorithm. (m,n,n;) — n;m — n;m/n = X.

EDITION, TRANSLATION, AND COMMENTARY OF ANONYMUS J

Vat. gr. 191, f. 261r

apymn oLV Be@ SPOP®V EPOTNUATOV
Beginning with God of various questions

a

[= Anonymus 1306, item 1 of uébodor kabolkai; cf. Anonymus L, no. 8, 10, 11]

<E>pahinoe tic mpdg ETepov &1 8 pot dp’ dv Pactalels &v koi Aafe téocapa &€ o, Kol éopéy
ioa Bactalovteg. dmekpidn 6 EALoc: 80G Kai ob £pol Téocapa koi AGPe &v, kai Eopdv ioa.

1£00d0¢. £ing & &+ 1¢ d1d 10 (Tijcar §+ 1O Huicv 0OV TGV 16 EoTv OKTM* <mPdGOEC OVV ic iV Ta
M, 7, €ic 88 T ETEpaL 1) KOVPLGOV ETEPA Y-> AOITOV OVV O PEV £lxE € O 68 ETEPOG 101

€0V 0€ Amo TV 10 EKPAANG O Kal TpooHNGELS O, YivovTal OKTD. OHOImG Kol Ao TV € E0v EKPAANG
o Kol TPOGONGELS J, YivovTal OKT®.

Someone asked another one: give me one from those you hold and take four from me, and we are
holding the same. The other answered: you too, give me four and take one, and we are <holding» the
same.

Procedure. Say 4 <by> 4: 16 because of searching 4; then a half of 16 is eight; <then add 3 to 8,
and subtract other 3 to the other 8;> then finally the one had 5, the other 11.

And if you take 4 away from 11 and will add 1, they yield eight. And similarly if you take 1 away
from 5 and will add 4, they yield eight.

Problems a, b, d. Give-take problems: assigned exchange amount and assigned final ratios (one of them always
the ratio of equality; the other once equality and twice double). Prob. a is indeterminate because the two conditions
coincide: any two numbers whose difference is 6 will work; the choice of 4 must be partly dictated by analogy with
the general solution of such problems, in which the rescaling number is the exchange amount: cf. d16 10 {ntijcan
8. An omitted sequence is supplied on the basis of Anonymus 1306. Cf. AP XIV.145, 146, and the commentary on
prob. 8. Equation. x +a—b =y —a+ b, twice. Algorithm. (a) —» aa — aa/2 —»aa/2 +(a-b)=y.aa/2-(a-b) =x.
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b

[cf. Anonymus L, no. 8, 10, 11]

<E>{ne 1i¢ mpog Etepov: S6¢ pot 160, 4P’ OV Pactdlels, koi dopdv i6a, §| AdPe &€ &uod ta avtd,
Ko Exelg OImAdL.

1é00dog. <K>pdret del dddexa, koi tOV apdpdv Ov potd oe moAlamlociale eic té 1B, elta pé-
PLOOV TOV TOALUTAAGLOGHOV €iG 1, Kol TadTo TAALY PHEPLGOV €ig T 000, Kol EMIO0C TA HeEV EVi 0mOE-
Koo EmT T 08 £TEpm 1P €.

Someone said to another one: give me such-and-such from those you hold, and we are <holding»
the same, or take the same from me, and you have the double.

Procedure. Always keep twelve, and multiply the number that he asked you by 12, afterwards
divide the multiplication into 12, and again divide these into two <parts>, and give seven twelfths to
the one and %, to the other.

Problem b. Cf. the commentary on prob. 8. It provides the general rule for k =2 (it uses téca for the unknown!):
one must rescale 73, and %, by twelve times the exchanged amount. A copying mistake occurs in the final clause.
Prob. d gives an application of the rule. Equation. (x + a)/(y —a) = 2, y + a = x — a. Algorithm. (a) — al2 — (73,)
al2 =x. (%pal2 =y.

[cf. Anonymus P, no. 100; Anonymus L, no. 3]

<E>hayovi® ITétpog, [adlog koi Avdpéac, kai EEBakey O pev Iétpog tpia, 6 ITadAiog mévte kai
0 Avdpéag dvo- Opod déka- dimlacov Tadto: Kol yivovtol K- Kol Tpooheg Kol € Kol yivovtol Ke* Ta
apeotepa mevramioclalopeva: yivovrotl pke: Kol dekamAactalopeva: yivoviol ,aov: Kol miiv dexo-
mhoowalopeva: yivovtar o’ Be. dpti tpimhacov Ta tod [TéTpov- kai yivovtou 0. kai Evvanloaciocov T
toD [TavAov: kai yivovtor pe. kol T Tod Avopéov dekamraciocov: Kai yivovtal K- Opod Tdv Tpidv
0. dpeiielg obv kaf’ Eavtdv dekamhactale del Té 1, Ko VEEMAEY AT 4md Tod ptdpod TV 08
— 1 kol dAAoL Ap1BHoD TOD Yvopévou Ao THS Evdcems T®V TPV (fiyouv Tod Tputhaciacuod, Tod
EVVATAOGLOOUOD Kol TOD SEKOTAAGLOGHOD) — Kol TO KOTOAMUTAVOUEVA KPATEL, Kol DOEALE AT’ ATV
dc0g EnTadag Exels, kKol voetl Tl 0 mpdTog Tocadta EEELaAey. Oca O GOl TEPITTEVOV<CT>V ATO TOD
VOEHOD TOD £MTA, vOEL OTL EEEPakev O . doa O€ oot Aeimel €ig TOV ApOHOV ToD 6oL Aayiov TAV
TpudV €EEPakev O TpiTOG.

Peter, Paul, and Andrew cast lots, and Peter threw three, Paul five, and Andrew two; together ten;
double these; and they yield 20; and also add 5; and they yield 25; both of them quintuplicated; they
yield 125; and decuplicated; they yield 1250; and again decuplicated; they yield 12500. Now tripli-
cate those of Peter; and they yield 9. And ennuplicate those of Paul; and they yield 45. And decupli-
cate those of Andrew; and they yield 20; the three together 74. Then you always ought to decuplicate
10 by yourself, and remove <from> them [from] the number of 74—or even [from] another number
yielded by the union of the three (namely, of the triplication, the ennuplication, and the decuplica-
tion)—and keep what is left out, and remove as many heptads as you have from them, and conceive
that the first threw this much. And as much as remains over for you from the removal of seven, con-
ceive that <this much> threw the 2nd. And as much as is left for you as far as the number of the whole
casting of the three, <this muchs threw the third.
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Problem c. Casting lots by dice: three people, two different prescriptions; what is given is the sum of the three
castings and, in the second prescription, a suitable (and fixed) linear combination of them. In the second prescrip-
tion, one of the 10s referred to is a parameter (cf. “always”), the other is the sum of the three castings, as derived
from the previous relation. The subsequent step mistakenly interchanges subtrahend and minuend. Problems c and e
are of the same kind. Equations. 10{10[5(2{x +y + z} + 5)]} = 10000{x +y + z} + 2500 and 10(x +y +z) — (3x + 9
y +10z) = 7x +y, which of course are identities. Algorithms. No algoritm is provided for the first prescription. The
second: (x +y +z,3x + 9y + 10z) = (k,h) —» 10k —» 10k —h — [(10k = h)/7] =x —» 10k—h-7x=y > k—-x-y =1z
Here, [X] is the integral part of x.

[cf. Anonymus L, no. 8, 10 11]

<A>V0 TIvEC NpOTNOEV SIC_, TpOg TOV ETEpov- 8¢ pot 4’ MV Pactalelg ¢, kol Exo SmAdctov
apov &€ &uod ¢, xoi dopv ica Poaoctdlovrec.

né0odoc. <E>1 1 dv éotiv 6 apdudg, dmdskanraciacov, fyovy { 1B+ ©d. €10’ obtwg mdAv mevta-
mhaciale TOV Ekpmvoduevov aplouov (fiyovv ta §), kai Aéye € (- Ae. Aowmdv ovv Ae eiyev 0 eig- 8Eep-
YOLEVQVY 8 TV Ae amd TdV TS Katapmdvovtar pd. ko iye todto té ud 6 Erepog: { L yap Eoti po.
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A

Two guys; the one asked to the other: give me 7 from those you hold, and | have the double, or
raise 7 from me, and we are holding the same.

Procedure. If the number is something, dodecuplicate «<it>, namely, 7 <by> 12: 84. Afterwards
again, quintuplicate as follows the uttered number (namely, 7), and say 5 <by> 7: 35. Then finally the
one had 35; and 35 coming out of 84, 49 are left out. And the other had these 49, for 7 <by> 7 is 49.

Problem d. General rule in prob. b. Equation. (x + a)/(y —a) = 2, y + a = x — a, with a = 7. Algorithm. (a) —
al2.a7=x—al2-a7=y.

e

[cf. Anonymus V, no. 38 = Spingou, [1dg &€l evpioketv; Anonymus L, no. 3]

<T>0?D daktvAdiov TdV ToidwV

<K>péret apduodv olov 0élelc kai Simhacov: mpdoheg ém’ avTd £ Koi avdig TEVTOTAUGIAGOV T
Sha Kkad avig o dha Sexomlaciacov: Tpdcheg & odToic TOV APOUdV TV SoctOAMV: Kol avdig
T OAa dekamAaciocov: Kol 10e ta OAa: kol VPeALe an’ adTdV Tavtote P Kol KPATNGOV T ATO-
petvovta. Kol 6c0g pev yiddag £xels, EoTv 0 ApOpog Tod Aaod: dcag 0& dekddag, EGTV O APtOOC
TGV SakTOAMV. S18 Ti 88 VEEALELS  Pe; S10TLT dpy E6TLTO o Aowrdv 0OV SimhalovTeg T o yiveton -
nmpooTiBévTeg O¢ € yivetal C- mevtomlactolod pevo yoOv yivetot Ag: 88Kanlaotaqou8va yivetal Tv- Kol
méy Sexamhaciolopeve yivetor yo. Aoumdv odv &v d@eilovieg yupedety Aéyopsv: dpov o Po- kai
KOTOAMUTAVOVTOL | o, TTIC (IA0G £0TL TOD £VOG.

Of the ring of the boys.

Keep such a number as you like and double <it>; add 5 to it; and quintuplicate anew the whole; and
decuplicate anew the whole; add the number of the fingers to them; and decuplicate anew the whole;
and see the whole; and always remove 2500 from it; and keep what remains. And as many thousands
you have, they are the number of people, and as many decads, they are the number of the fingers.
Why do you remove 2500? Because the beginning is 1; then finally doubling 1 it yields 2; and adding
5 it yields 7; then quintuplicated they yield 35; decuplicated they yield 350; and again decuplicated
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they yield 3500. Then finally, since we ought to circumvent one, we say: raise 2500; and 1000 are left
out, which is indeed one thousand of one.

Problem e. The riddle of the ring. A trivialized variant, in which one has to find the finger in which someone
among several people hold a ring; people must be arranged in a circle and reckoned starting from the one who holds
the ring. The final explanation is interesting since it involves factoring out (“circumvent”) the unit. Problems ¢ and
e are of the same kind. Equation. 10{10[5(2x + 5)] + y} = 1000x + 10y + 2500 = k. Algorithm. (k) — k — 2500 —
myr(k — 2500) = x . dec(k — 2500) =y.

f

[= Anonymus P, no. 111-112 = Vindob. phil. gr. 225, f. 154v]

<E>pmtoig

<K>aBorrdpior Ekatov Siepyduevol e0pov mAéay, Kai O pév mpdTog GnAdoag eic ™y pniéav
avehapeto pijrov €v, 6 de0TEPOC dVO, O TPiTOG TPia, O TETAPTOC TEGGOP, O TEUTTOS €, O EKTOG G, O (*
€, 6 &ydoog 1, 0 &vvatog 0, 6 0ékaTog 1, kol KabeERg Emg TV EKOTOV, Kol ETAN PGV dmavTo T LA,
déov yvévar mdoa ufilo iyev 1) unAiéa.

pébodoc. <IM>oAhamlociccov T0 EKaTOV £Q° 0VTd, MMV p p- o TPOGHES p- OLOD popLa EKATOHV-
T0 < ToOTOV: &V, Kad eiye 1} pmAda ufjdo ev. koi &mi TV EAAmV Opoimg.

€0V 0 0 TPMTOG APeileto dV0, O deVTEPOG TEGTAPA, O TPITOG G, O TETAPTOG OKTM, O TEUTTOG OEKA,
0 ¢* dmdeKa, Kol EmAnpddncay to uiia péypt oV p kaporiapiov, toca av Efactalev 1 uniéa
iAo

nodpuev obtmwe. moAlamlactalopey o p €9’ £avtdl®, Aéyovieg p pr o kai TpooTiBepey €ig Ta
popia p- Opod popla Ekatdv, drva potpasciov ov dExovtal, AL’ dmeviedbev Aéyopev &L OGO pUijAaL.

Question.

One hundred passing-through riders found an apple orchard, and the first breaking into the apple
orchard took up one apple, the second two, the third three, the fourth four, the fifth 5, the sixth 6, the
7" 7, the eighth 8, the ninth 9, the tenth 10, and in succession as far as one hundred, and they cleared
all apples up. One must know how many apples had the apple orchard.

Procedure. Multiply one hundred by itself, saying 100 <by> 100: 10000; add 100; together one
myriad one hundred; %, of these; 5050. And the apple orchard had 5050 apples. And similarly for the
others.

And if the first removed two, the second four, the third 6, the fourth eight, the fifth ten, the sixth
twelve, and the apples were cleared up as far as the one hundred riders, how many apples would the
apple orchard have hold?

Let’s do as follows. We multiply 100 by themselves, saying 100 <by> 100: 10000; and we add
100 to the myriad; together one myriad one hundred, which indeed do not receive a partition, but we
thereby say that the apples are such.

Problem f. Sum of an arithmetic progression. A copying mistake is corrected on the basis of the other two wit-
nesses of the problem. Byzantine parallels. Five short arithmetical texts are ascribed to Kydones and to Argyros (ed.
Acersl, | problemi aritmetici); three of them expound procedures, with different degrees of generality, for the sum
of an arithmetic progression; a fourth provides a proof of one such procedure. Cf. Anonymus P, no. 23, 37, 110-113;
Anonymus 1436, no. 57-60 (for no. 110, see also, at f. 208v of the same manuscript as Anonymus P, the text edited
in HOO 1V xvi1.16—xvii.5—a comparison of the two versions in Acersi, I problemi aritmetici, Text 22); Vindob. phil.
gr. 225, f. 154v (cf. HOO V cvn); and Moschopoulos’ treatise on magic squares (ed. P. TANNERY, Le traité de Manuel
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Moschopoulos sur les carrés magiques. Texte grec et traduction. Annuaire de I’Association pour I’encouragement
des études grecques en France (1886) 88-118, repr. Ip., Mémoires scientifiques I'V. Toulouse — Paris 1920, 27-60:
34.24-36.9; Vat. gr. 1411, f. 118v, has a text identical to Tannery’s; this manuscript is the earliest witness of the tre-
atise; on Moschopoulos see Tannery, Manuel Moschopoulos; cf. also PLP, no. 19373). Recall that a magic square
is the arrangement, on the n? cells of a “chessboard”, of the first n? integers so that the sum of the numbers in any
row, column and in the two main diagonals is the same. Such a sum is equal to the sum of the n? arranged integers,
divided by the number of rows (or columns), namely, by n. Algorithm. (n) — nn — nn +n — (nn + n)/2.

APPENDIX

The list of resolutions of common fractions into unit fractions in Par. gr. 1670, ff. 44v-46v (P) is here
edited and translated in tabular form. The list starts with fifths in the manuscript; the reason must be
that the set of fractions with denominations from 2 to 4 would provide empty or trivial sets of resolu-
tions. Recall that %; counts as a “unit fraction”.

TO TEPTTOL
gov TOf) é\/ég, gov- ’C(I)V B, ,Yov o 1’:' 80v 19V Kov- T(I)V Y’ 2 oY ﬁ ,Yov Foud Fondd 1’2' Sov £OV 19V OV~ T(;JV 8, 2 gov oY ﬁ
w 1% A% TV €, a.

Fifths
numerator 2 3 4
Y3 s Y2 V10 Yo s Vi
resolutions YaVio Y20 ViV s % Yio Va0
Ya Ve 0 Va0
TO EKTOL

¢*¥ 10D £vOg, ¢ TAV B, 7V TOV ¥, £ 1 Y ¢ TOV 0, 6 | £ ¢ TV €, & ¢ 1] L Y TV G, L.

Sixths
numerator 2 3 4 5
. Vs Y 7 XL
resolutions
Vs Y2 s V2 s

Ta EBoopa

Cov TOf) éV(,)g, Cov. T(I)V B, Sov Krlov 1’,‘] 80\/ 180\/ Oov T"] gov l80v K(X.OV' TGJV Yﬂ Sov C-’ov KT]OV ﬁ ,Yov l60v IJ'BOV ﬁ ,Yov 1‘gov
7\,80\/ ﬁ o Cov l60v oY ﬁ gov Cov l60v Koov- T(I)V 8, A lgov. T(I)V 8, 2 (ov l60v ﬁ o Koo+ TONJV g, A ,Yov MBOV ﬁ oy Cov
Ko T®v ¢, pia.
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Sevenths
numerator 2 3 4 5 6
Vs Yan Ve o Ys Yaa Vs Y1 Y Yo Y4 Y
% Yia Yho Yo Yia Yao % Yau % Y Yo
resolutions Y6 V14 Vot Vs V15 Vs
s Vi Via 0
Yo V1 Y Y

Ta. dydoa

N

N 10D £vOg, N° TOV B, 3% T®V ¥, 3% N § Y k3 T®V O, L TAOV €, L N™ TOV G, £ 0% 1} o 15
TOV EXTA, < OV NV e N 6% | < 7 KO 1} & ¢ KO T®V OKT®, Ui

Eights

numerator 2 3 4 5 6 7
YV Ya Vs ) Y2 Vs Yo s Vo Va Vs
. Vs Vos % Yis 7 s i

resolutions
Yo Vs Voa
73 s Voa
T Evvorta

0°" oD évog, 0 T@V B, ¢ M 1| & P TAV v, Y TV 5, ¥ 6% TV €, £ M TOV G, £ ¢

OV §, £ ¢ 0% 1} o 0% TdV OKT®, < 7' M 1| o ¢ M |[451] tdV €vvéa, pia.

Ninths
numerator 2 3 4 5 6 7 8
. % Yo % %% % Yia Y % Y Y Y Y5 Y4 Yis
resolutions
Vs Vs 7 7Yy 73 s Vs

T OEKOTOL

1%V 700 €VOG, 1% T®V B, € TOV ¥, € 1% §} 8% K" TAV J, Y 1€% 1} 8% 1%V K" TV &, £- TAV G, L 1™
T(T)V C’ Z gov T’ll oy )\’ov. TG)V rla 2 gov oY ﬁ o 1% kov. TG)V e’ N ,Yov 1Y ﬁ 2 80\/ 1°v Ko ﬁ oy g% 7\,0\/ ﬁ oy gov 1%+

TV 1, d.
Tenths
numerator 2 3 4 5 6 7 8 9
% % Vi Yo Vi % % Yo B | BV | %Y
: Yoo | Yo Yo %o | %Yot | %¥h oY
resolutions
% s Vo
7 Y6 1
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T0 Evoékatol
ov N SvA oV, R v Ve M Sov Sov. o~ 6 ov;\’ V. 3 oV OV}\. V. M " oV,
10" 70D £VOC, 10" TV B, ¢ £ T@V Y, 0% HO*': TAV J, Y AY*: TAV €, Y 1™ Ay*: TV G, 4 K
OV G, < 10 kB TdV M, e KB GV 1@V Evvea, w 10 KB £ T} & 6% kB ndY: TV 1, ey ¢ kB
AV T 2y KB Ay TdV 1, .

Elevenths

numerator 2 3 4 5 6 7 8 9 10
Yoo | YiYu | Y | BYa¥e | %V | %BYuYe | BVl | %YVl | %% Ye Y
Voo Vo Vaa | Vo Vs Vo2 Vs

resolutions

T dwdEKTA

1B Tod €vog, 1B T@V B, ¢ TV ¥, 0% 1§ ¢ 1% TV O, Y¥ §} 8% 16% TOV &, Y 15™ 1§} 8% ¢ TV
G LYV S TV, £ 16 {7 O TdV M, L ¢ T 6t TV EVvEd, £ 0% T 6 167 TV 1, L Y T w ¢
TAV 10, 2 YV 16% 1) o 0% TV dMdeKa, Lo

Twelfths
numerator 2 3 4 5 6 7 8 9 10 11
: % % Yo | MY | % | e | %% | %% | %% | %%V
resolutions
VY | %Y | %% | %% | %% % | %W | %% | %%

TO TPICKOOEKOLTOL

l,Yov TOf) éV(,)g, l,Yo\/. T(I)V '3, Cov anv. TG)V Y? Cov YYOV Q(XOV ﬁ gov Kgov xeov 1’,‘] cov 7\.90\/ pQSOV. TG)V 6, Kgov vBov ﬁ
gov l,Yov }Leov panv ﬁ gov l,Yov Kgov }Leov. 'L'(;JV g, ,Yov Kgov OT]OV 1’,1' 80v l,},ov Kgov VBOV. TG)V g’ ,Yov l’YOV Kgov OT[OV' T(I)V
C, & KS™ TV OKT®, £ 7% KG» TdV 0, a3 A% TdV 1, & 17 A0 1] & &% VB*'* TdV 1, < v on™ 1 e
¢ on®: TV 1B, & Y 1y on® § o ¢ 1y on™ 1 e 0% pvg™t TdV 1y, pia.

Thirteenths
numerator 2 3 4 5 6 7
Y Y Vs Yia Yo Yoo Yoo YoYisYn | YaYiaYe Vi Y Yis
resolutions Ye Y26 Vao Ye Y13 Va9 Y105 Ya Vs Yos 2
Vs Va0 V105 Vs Vi3 Va6 Va0

numerator 8 9 10 11 12

Vs Yia Yo % Yo % Yia Yao Yt | % YaY
resolutions Y Yo Yoo %Yol | %¥YiaYhe

%3 s V156




Byzantine Rechenbiicher: An Overview 53

TO. TECOOPECKUIOEKOTOL

10 10D €vOG, 10%- T@V B, L TdV v, {13 T®dV 5, 8% KN 1 ¢ 10% K" T®V €, 0% 10% kn® [[45V]
ﬁ ,Yov HBov 1’,‘] g0v Cov Koov- TG)V g’ 80v Cov KT|ov 1’,‘] ,Yov l6ov IJ'BOV ﬁ gov Cov l80v Koov- TG)V C’ 2. TG)V Tl’ N l60v. T(I)V
0, = & 1@V 1, £ 10 1) e ko™ TV 10, £ 6% kN 1 o 10% Ko*': TV 1B, < v U | o & ko' TdV
1y, 2 7 10% uB™ fl e & 10 ko™ §j o 0% mdY: TdV 19, pia.

Fourteenths
numerator 2 3 4 5 6 7
Y Y4 Yha Vi Yo Yo Y4 Y Yoy Vs Y
resolutions Ve V14 Vo Vs Vi Vs Via Yz

Y% V1 Y Y% V1 Y Va

numerator 8 9 10 11 12 13
Y Vi % b Yo | YiWe | B%hYe | %%Vt
resolutions % Yn %Y Y %Y Yo %Y Y
% Vs Yo

TOL TEVTEKALOEKOTOL

lSOV TOﬁ éV(,)g, 18ov. T(I)V ﬁ’ lov )\’ov 1’,‘] T]OV pKov ﬁ eov HSOV' T(I)V ,Y’ SOV 1’,‘] lov ISOV kov. TC~0V 8, Sov 18ov ﬁ 80\/ éov.
T(I)V g, ,Yov. T(I)V g, ,Yov 1% T(I)V éTETd, ,Yov oY 7\‘0\/ ﬁ ,Yov nov pKov ﬁ ,Yov eov lM;ov. TG)V n, ,Yov v 1’,‘] N 7\‘0v. T(I)V 9’ 2
1 TOV 1, o T 4 1 e TV 10, 2 g% AV T e 18 TOV 1B, L e 1V T} ey 1V A TOV 1y, L eV 1V e 1) &
YAV R o €% TOV 10, £ YV 1V 1] oy €7 1Y TAWV 1€, O.

Fifteenths
numerator 2 3 4 5 6 7 8 9
resolutions Ve Yiao Yio 15 Va0 Ya Yoo YaYe Vino Y Vao
Yo Yis Vs Ve Vs
numerator 10 11 12 13 14
resolutions Yo Yio YVis % Vs % Y10 a0 Yo Ya Yao % s s
%

T EEKOUOEKOTOL

1% 10D £vog, 16 TdV B, % TOV 7, N 15" T®V O, 6% TV €, 6% 15 TV G, 3% N TdV {, 0% n*
1%V TOV M, L7 TOV 0, £ 16% TOV 1, £ N TAOV 10, < N 16 TOV 1B, £ 0% TdV 1y, L 3% 1¢°" TdV 10, £
3N AV g, £ 6% N 1¢* TAV 16, 0.

Sixteenths
numerator 2 3 4 5 6 7 8 9 10
resolutions Ve Ve V16 Y Vi Ve Vi Vi Y% Ve Y Y5 Y16 Yo %
numerator 11 12 13 14 15
resolutions | %5 % % Y YoV Ve V“Wihve | %VaVs Vi




54 Fabio Acerbi

TO ENTOKOUOEKOTOL

ICOV ’EOIN) éV(,)g, 1 ov. TG)V B, OOV pV,YOV. TG)V ,Y, 90\/ ICOV pV,YOV ﬁ g()v pBOV. T(I)V 8’ g()v ICOV pBOV ﬁ gov XSOV pOOV.
TOV €, 6% A6 EN™: T®dV G, Y vo'- TdV {, Y 18 va®': TdV 1, Y 0% vy pvy?': TV Evvéa, L Ad”: TV
1, 2 10 A8 T®V 1, 2 0% A8 pvy™': TV 1B, e A6 pB TdV 1y, w18 A8 pB ) o 16 ENY 1 & &
EN°: TV 18, o 1PBV1S WY EN & 3% 1L EN 1@V 18, |[461] o ¢ ADY var' 1} L 7Y A3 vt TDV 1G,
o3 G 1% MO va® § c 8% ENY pP 1§ L oV 1L A6 vt TAV deKAETTA, pia.

Seventeenths
numerator 2 3 4 5 6 7 8 9 10
YoV | BVt | VeV | NVt | W | B | %% | B | %Yt
resolutions Visa
Vs Y102 s a4 V170
numerator 11 12 13 14 15 16
Yo | BVt | BVt | BVt | B%Y | B%%
1/153 1/102 1/68 1/51 1/34 1/51
2/ 1 1 17 1/ 1 17 1/ 1 2/ 1/ 1
resolutions 73 16 768 7 128/17 7 121/34 /31//1402/68
Vo 7s Vs Yo
Yas Vo1

T OKTOKOLOEKOTOL
ov N SvA V. ™ eov. N V. M 8 v oV, v eov A 80v V. M oV, D
m® 1od &vog, m*'- TdV B, TV v, ¢ TOV d, ¢ M- TOV €, ¢° N 0% AG™: T@V G, Y TV
Y me: T@v m, v 0% t@v 0, £ @V 1, £ M TdV W, < 0% @V 1P, o TOV 1y, o M TV 19, cy 8

n

TOV 1€, 6 G 1| L ¥ TAV 16, 6 ¢ M 1} < 7 M TdV 1, e ¢ 0% 7] £ y°¥ 0 TV deKaOKT®, L.

Eighteenths

numerator 2 3 4 5 6 7 8 9 10 11
: % %o | W | %% Y | s | %% Y | e | %%
resolutions
Ya Vs
numerator 12 13 14 15 16 17
. %o | %Ye | BW | %h% | %B%Ye | H%%
resolutions
V2 s Ve | oV

T0 EVVEAKOLOEKATO

leov TOIN) éVég, leov. ‘C(I)V B’ 1ov onv. TG)V ,Y’ lov 190" pQOV ﬁ eov ;\‘nov VCOV TMBOV ﬁ nov }LT]OV pVBOV 1’,‘] COV Og()v
(P)"BOV. OV 6’ gov anv. OV g, 80\/ Ogov. OV g’ 80v leov Ogov. OV é; 80v 1°v Ogov onv ﬁ 60\/ eov GKT]OV TuBov 1’,‘]
YOV }\/nov p16ov. TG)V n’ SOV gov GKT]OV ﬁ 80V lov lew Ogov pQOV ﬁ ,YOV leov Xnov p160V. T(I)V 6, 60V SOV Og()v QSOV ﬁ ,YOV
eov }\'nov THBOV ﬁ ,Yov nov Ogov Dvgav. OV 1, & 7\«1’]0\/' OV 10, & leov }\'nov. OV lB’ 21 nov PVBOV ﬁ oz oY }\‘nov onv.
TOV 1y, o VO T 4 ¢ VO T®V 10, 6 10 VI 1) & 6™ 10 VO T} & €2V An® Qe 1@V 1€, w17V VY pQ*' fy
o 0% p1o™ U fj & 6% A 06™: TAV 16, 6 ¢ PO { L Y P’ TdV 1, o 6™ 10 p1d® fj & YOV 10%Y
PO 1 o €% VE» Qe TV M, 6 8% VE™ 0™ 1 & YV 1BV v 0 TdV dekaevvéa, pia.

105 1€P
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Nineteenths
numerator 2 3 4 5 6 7 8 9
YioYiw | YooYl | Y Vit | VYt | ViV | HVelus | Ve Viees
1/190
. Yo Vg Ver Voo Vaos | VaVio VieVas | Va Vo Vas Va2
resolutions v, v, 1
342 342 190
Vs Vas Vis2 Va Vs Vine | s V10 Vae i | Va Ve Vr6 Vaso
Yo Ve Vea
numerator 10 11 12 13 14 15
1/190
resolutions Yo Yio Vas Yoo Ver YoV Ve Ver | %a Yo YiaaVan
1/190
Vo VasVes | VoV Vs 5s
numerator 16 17 18
% Yo Yiua | %Y Yioiua | % Y Yor o
resolutions | 72| VY | VYl
76
Y Ve ez Vs

TO, €lK0OTA

K% 10D €vOG, K™ T®V B, 1% TV v, 1%V K™ T®V 0, €% |[[46V] TDV €, 3% T®V G, €™ 1" 7] 6% K" TdV {,
O 1% TV OKT®, Y 1€% TOV &VvEd, Y°¥ 1% K ] 0% €% TAOV 1, L TAV 1d, L K" T®V 1§, £ 1" TV 17,
L% KR Y O e TV 10, L €% T wy A% TV 1€, £ 0% T} L €% K T e 167 TOV 1G, L £V 1 T} e 1
}\,OV' TGJV lC’ N3 80\/ lov 1’,‘] o gcv éov ﬁ [y lov 1gov. T(I)V lnb 2 ,Yov 18ov ﬁ N3 60v lov Kov ﬁ [y 80\/ }LOV ﬁ oW <;—ov ISV' T(I)V
10, 2 0% €™ 1 £ Y™ 1e” KV 1 o €7 16% ) o 6™ 18 K™ 1] o ¢ 1% £ 1@V glkoot, pia.

Twentieths
numerator 2 3 4 5 6 7 8 9 10 11
. Yo | Yoo | % Vo | %o | %Yo | %% [ %Yt | % | %
resolutions
Y4 70 Vi Vs
numerator 12 13 14 15 16 17 18 19
Vit | Melow | %% | %Y | %%V | %Y | B%hYs | B%%
YiWalis | Bt | Bt | BV | %Y | B¥Yo | %Y
Va0 Va0
esolutions % Yis % YioYie | %%V | %% Y
P Vis | %V Vs
Va0
%% o
Yoo

The method expounded in Par. gr. 1670 to resolve common fractions into unit fractions is as fol-
lows; | take the resolution of % on f. 40v as an example:

v tv mévte, « 18, M| né€Bodog. avaivcov tag mévte povadag gig uiocelo yivoviol nuicswa
Séxa, 6’ GV &nidoc Tolc émta Avél oy, frot Nuicsio £ntd: Aowd Npicsio Tpia, Hrot povec pio

e

Autov. dviivcov odv THV povéda ig (L, kai énidog Toig £ntd dva (- 10 82 fuicv toAvmhaciacov
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mi 1 £nTd oBToG. P ¢ 18, GV TO Huiov yiveton 1018% £ntd, kol Enidog Toig EmTa dvel 18V, yiveton obv 6
UEPIOUOG TOV TTEVTE €iG EmTa £ (¥ 18°. Kol €€ OVTMG. EXTAKIG TO IOV ENXTA UIGELN, ITOL LOVADES
y £ Entdxic 1o & Emta (L% ftot povag pios Kol EnTaric T 10° Entd 1010%, fTot oL TH Hovadoc.

Y, of five, ¥, %; %14. Procedure. Resolve the five units into halves; they yield ten halves, from which
give a half to each seven, that is, seven halves; three halves as remainders, that is, one unit and a half.
Then resolve the unit into sevenths, and give a % to each seven; and multiply the half by seven as
follows. 2 <by> 7: 14, a half of which yields seven sevenths, and give a %, to each seven. Then the
division of five into seven yields % %; %,. And say as follows. Seven times a half seven halves, that
is, 3 %, units; seven times ¥ seven sevenths, that is, one unit; and seven times ¥, seven fourteenths,
that is, a half of a unit.

A procedure like this seems to presuppose the result, but this is not the case, for what is required
is to write a common fraction as a sum of unit fractions. Let us consider the greatest unit fraction in
any resolution. Now, neglecting for simplicity %, by definition such a fraction cannot be greater than
Y,, and stricter upper bounds can easily be set in specific cases. On the other hand, it is easy to see
that the denomination of the greatest unit fraction in any “reasonable” resolution cannot be equal to
or greater than the denomination of the common fraction to be resolved. For instance, a “reasonable”
resolution of %; cannot have %, or %4 as its greatest unitary fraction. Thus, the denomination of the
greatest unit fraction in any resolution of a common fraction with denomination 7 can only be 2, 3,
4,5, or 6. We may now apply uniformly the algorithm of our text, which can be described in modern
fashion as follows.

The numerator of the common fraction to be resolved is rescaled into an equivalent fraction
whose denomination is one of the possible values. To be consistent with our example, select 2 as such
a denomination and write 5 — '%. Write this fraction as sum of two fractions, the first of which has a
numerator that is a multiple of the denomination of the common fraction at issue, here 7: 5 — %, —
%, +%,. The second fraction is either an improper fraction, or a common fraction, or %;, or a unit frac-
tion. If the second or the third case apply, resolve into unit fractions (use % = %, + ¥%)—this is always
possible since the second fraction necessarily has a denomination less than the one of the fraction
to be resolved, and since the resolutions are computed serially and by increasing denominations. If
the first case applies, write the improper fraction as integral part + fractional part: 5 — %, — 7, + 3,
— 7%+ 1+ Y, Treat 1 as the fraction ¥ and, if the case applies, resolve the said fractional part into
unit fractions: 5 — % — 7, + 3%, — 7, + ¥, + %,. Write the result—which contains only unit fractions
with the sole exception of the first fraction set out in the second step of the algorithm—by factoring
out the denomination of the fraction to be resolved, possibly after rescaling the fractions involved
by the same denomination: 5 — 1% — 7%, +% — 7, + ¥ + Y, — T(Y%) + 7(%) + 7(Y,). If all fractions
involved in the last step are unit fractions, their sum is the required resolution and the algorithm ends:
% =Y, + % + Y,. If they are not—and this can only happen if the first fraction in the second step of
the algorithm yields, after factoring out the denomination of the fraction to be resolved, a common
fraction—resolve the said common fraction into unit fractions.

This procedure is used in such a way as to yield resolutions that keep the number of unit fractions
to a reasonable minimum. For instance, the table for the “Sevenths” above shows that further resolu-
tions of % could be obtained by wildly combining those of %; and those of %, but this move is never
put into effect. Note, however, that three of the five resolutions of % are simply obtained by adding
the unit fraction ¥ to the three resolutions of %;.
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LIST OF THE MANUSCRIPTS MENTIONED IN THE ARTICLE
AND THEIR DIKTYON NUMBERS.

Citta del Vaticano, Biblioteca Apostolica Vaticana

Pal. gr. 367 (Diktyon 66099)
Ross. 986 (Diktyon 66453)
Vat. gr. 191 (Diktyon 66822)
Vat. gr. 192 (Diktyon 66823)
Vat. gr. 1058 (Diktyon 67689)

Vat. gr. 1411 (Diktyon 68042)

El Escorial, Real Biblioteca del Monasterio de S. Lorenzo
®.1.10 (gr. 188) (Diktyon 15142)
®.1.16 (gr. 194) (Diktyon 15148)
X.IV.5 (gr. 400) (Diktyon 15016)

Firenze, Biblioteca Medicea Laurenziana
Plut. 86.3 (Diktyon 16789)

Firenze, Biblioteca Riccardiana
gr. 12 (Diktyon 17013)

Istanbul, Topkap1 Saray1 Miizesi
G.1.1 (Diktyon 33946)

Milano, Biblioteca Ambrosiana
E 80 sup. (gr. 294) (Diktyon 42703)

I 112 sup. (gr. 469) (Diktyon 42925)

Oxford, Bodleian Library
Roe 22 (Diktyon 48403)

Paris, Bibliothéque nationale de France
gr. 1670 (Diktyon 51293)
gr. 2107 (Diktyon 51736)
gr. 2428 (Diktyon 52060)
suppl. gr. 384 (Diktyon 53132)
suppl. gr. 387 (Diktyon 53135)
suppl. gr. 652 (Diktyon 53387)
suppl. gr. 682 (Diktyon 53417)
suppl. gr. 920 (Diktyon 53604)

Uppsala, Universitets Bibliotek
gr. 8 (Diktyon 64421)

Venezia, Biblioteca Nazionale Marciana
gr. Z. 323 (coll. 639) (Diktyon 69794)

Wien, Osterreichische Nationalbibliothek
phil. gr. 65 (Diktyon 71179)
suppl. gr. 46 (Diktyon 71508)

Wolfenbuttel, Herzog-August-Bibliothek
Gud. gr. 40 (Diktyon 72084)
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